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Abstract 

We analyze the choice of interoperability approach for the provision of disaster management 

systems (DMS) when resources are distributed across districts, and in times of disaster resources 

can be shared. The degree to which sharing (a spillover) can be coordinated efficiently depends 

on resource interoperability. In this public sector setting we model the provisioning of DMS as 

the choice between interoperability approaches; in decreasing order of centralization they are 

integrated, unified, and federated. A unique feature of our setting is that the interoperability 

approach is a collective decision by districts. Districts choose their own DMS resources and 

interoperability effort, and face different interoperability efficiency and technology misfit costs 

depending on the interoperability approach. 

We find that any approach can be an equilibrium depending on interoperability 

efficiency, and that when the social optimum deviates from the equilibrium the socially optimal 

approach is more centralized. When subsidies and taxes are implemented, the socially optimal 

interoperability approach can be achieved with budget balance. When only subsidies can be 

used, the socially optimal approach can be achieved but only under certain interoperability 

efficiency and misfit cost conditions is there a net social gain. Having an initial level of 

interoperability causes the equilibrium interoperability approach to shift towards a less 

centralized one. Our results generalize to other settings characterized by interoperability 

concerns, collective decisions and spillovers. 

 



3 

Keywords: Disaster Management Systems, Interoperability Framework, Spillovers, 

Centralization, Public Policy 

  



4 

PROVISIONING INTEROPERABLE DISASTER MANAGEMENT SYSTEMS: 

INTEGRATED, UNIFIED, AND FEDERATED APPROACHES 

August 5, 2019 

INTRODUCTION 

Disasters, either natural or human-made, represent a primary cause of human, economic, and 

environmental losses for local communities and society. In 2015, around 98.6 million people 

were affected by natural disasters worldwide with $66.5 billion US dollars of economic damages 

(UNISDR 2016). In many such calamities, local communities are unable to cope using their own 

resources. Disaster Management refers to processes required to deal with a crisis in the best 

possible way. One of disaster management’s most important characteristics is its multi-agency 

nature, whereby resources, skills, and knowledge come from different protection and public 

safety agencies – some in adjacent jurisdictions or districts – that combine to meet the needs of 

all those affected in a crisis environment (Blanchard 2008). 

Cooperation and coordination, essential components in disaster management, are 

especially challenging when considering the range of involved parties – multiple districts, 

different levels of government, numerous agencies, and hundreds of thousands of individual and 

organizational sponsors. For example, when two pressure-cooker bombs exploded near the finish 

line of the Boston Marathon on April 15, 2013, local police, firefighters, and emergency medical 

technicians joined with state and federal officials to respond to the attack. They collectively 

issued alerts, warnings, and information, as well as gathered tips, videos, and photos through 

social media. Rear Admiral Ronald Hewitt, the director of the Department of Homeland Security 

stated that the bombings “illustrated a rapidly changing landscape for emergency 
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communications, not just traditional land mobile radio use by first responders, but also citizen 

communications and increased use of broadband or Internet technologies.” (Vicinanzo 2014). 

This example demonstrates the importance of exchanging and understanding information, 

especially in major metropolitan areas, where first responders from multiple jurisdictions swarm 

a dire emergency. 

We define the capability of a system to exchange and understand information from other 

systems as interoperability. In heterogeneous and complex disaster environments, 

interoperability is key to the orchestration of disaster management system (DMS) resources, 

allowing for a coordinated and collaborative response. In this context DMS resources include 

information and communications hardware and software, people (e.g., first responders), and 

physical assets (e.g., fire trucks and ambulances). Unfortunately, in the United States many of 

the current state-level DMS resources are two decades old and not interoperable unless efforts 

have been made to make them so. Typical information and communication technologies, such as 

land mobile radios that we detail later as an example, may work only within the county where a 

trooper is assigned, and communicating with other agencies requires patching through the local 

dispatcher. If a trooper moves out of the county or needs to work with local police, then s/he 

often has to borrow a radio from local police. Raymond Lehr, Maryland's interoperability 

director of the First Responder Network Authority (FirstNet) stated “It's something that has to be 

replaced.” (Jackson 2013). 

The communications failures during Louisiana's flooding in August 2016 are another 

reminder of why first responders need a resilient, reliable, and purpose-built disaster 

management system (DMS). Ronnie Johnson, Louisiana's Army National Guard, director of 

Information Management stated that “Our troops, some of the best-equipped in the world, could 
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not communicate with each other in the field. All of the commercial wireless networks went down 

amid the devastation, and were no more available for our first responders than they were for 

citizens trying to make and receive calls to loved ones” (Johnson 2016). First responders along 

with National Guard forces from Louisiana and other states were positioned and repositioned in 

response to disaster events. Being forced to rely on short-range communications systems due to 

the lack of communication and information systems interoperability, the first responders were 

unable to coordinate search and rescue, had less knowledge of available rescue resources, and 

less situational information to guide them to the locations requesting assistance. Supplies and 

assistance from other states could not be incorporated and delivered in real time. Similar absence 

of basic information and communication interoperability proved devastating in post-Hurricane 

Maria’s slow relief effort of Puerto Rico in 2017. These failures demonstrate that interoperable 

DMS is crucial in rescue, relief and other disaster management efforts, and that the provision of 

resources in disaster management needs to improve (Currie 2014; Czerwinski 2010). 

That DMS interoperability is critical is evidenced by the attention it receives from 

government. For example, the Federal Emergency Management Agency has a disaster 

emergency communications division whose role is in part to provide and support interoperable 

communications across different levels of government; The Department of Homeland Security’s 

Office of Emergency Communication has developed a set of “operational interoperability 

guides”; The Commonwealth of Virginia maintains a position “Statewide Interoperability 

Coordinator” to implement and coordinate interoperability activities across the Commonwealth; 

and other states such as Minnesota’s Department of Public Safety also recognize the need to 

exchange information within and across emergency responders. Finally, the federal 
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government’s FirstNet mission is in part to provide a framework for robust interoperable 

emergency communications. 

Our Focus 

Provisioning of resources is critical to all aspects of disaster management – preparedness, 

response, and recovery. In this public sector setting we consider two districts with heterogeneous 

preferences for disaster management resources and explicitly model their investment in effort to 

improve interoperability of shared resources. Our point of departure is one that is determined by 

prior installations of DMSs by districts at a time before spillovers and interoperability were 

important concerns and can be thought of as a result of resource choices based on local 

conditions such as geography, population, budget, culture, etc. From this perspective, resources 

can include communication devices and networks, rescue and relief resources, emergency 

response personnel, within-district enterprise architecture, etc. Over time as information 

technology used with a district’s DMS changes, effectively sharing resources (spillovers) 

becomes possible. It is at this point that our model begins whereby districts have to decide on 

their interoperability approach, additional resources, and interoperability effort. 

We use the example of land mobile radio (LMR) systems to illustrate our model’s 

variables, parameters, assumptions, and some of the results. LMR systems are land-based 

wireless communications systems that include hardware such as hand-held portable radios, 

mobile radios, base stations, a network, and repeaters (DHS 2016), as well as software for 

encryption, network management, etc. These are used by emergency responders at all levels of 

government, public works, and military. LMR systems are the primary voice communications in 

public safety applications, and public safety agencies are trained and skilled in LMR systems 

use. Deployed since the 1930s for mission critical voice communication, LMR systems have 
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been continually enhanced, in part with new information technologies, and government agencies 

have invested billions of dollars in LMR infrastructure. 

Many challenges agencies face when investing in LMR systems are interoperability-

based. Agencies and vendors have designed systems for specific missions, and such LMR 

systems are often customized and not compatible with neighboring public agency systems. In 

addition, many LMR systems that incorporate new information technologies are not designed to 

be backwards compatible. Although there have been attempts to develop underlying standards, 

currently there remain three types of modulation that each support three different system 

architectures (NIST 2018). Depending on the geography and application, there are also LMR 

radio spectrum issues: very high frequency (VHF) spectrums are better for rural and 

mountainous environments whereas ultra-high frequency (UHF) spectrums are better for high-

noise urban environments.  Even in a LMR system without communication barriers, critical 

information need to be shared in real time among first responders including police, firepersons, 

and medical personnel.  

As we discuss in more detail later, we make use of the enterprise interoperability 

framework (Chen and Daclin 2006, D. Chen et al. 2008). In this framework there are three 

interoperability approaches that represent ways that barriers to interoperability can be removed. 

In our DMS context these are: 

(1) Integrated approach: All districts agree on a common format or standard, 

(2) Unified approach: There is no common format, but there is a common meta-level structure. 

Districts establish semantic equivalence between their resources and the common meta-level 

structure, and 
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(3) Federated approach: There is no common meta-level structure. To establish interoperability, 

districts must accommodate other districts’ resources on the fly. 

The choice among integrated, unified, or federated approaches are elements of 

organization design. These approaches differ in terms of technology misfit costs between a 

district’s own resources and preferences, and interoperability efficiency with other districts’ 

resources. Misfit costs are highest under the integrated approach, followed by the unified 

approach and lowest under the federated approach. In contrast, given the same joint 

interoperability efforts, interoperability efficiency is highest under the integrated, lower under 

the unified, and lowest under the federated approaches. This is consistent with centralized 

systems being more interoperable, and our interoperability approaches are ranked from more to 

less centralized moving from integrated, to unified, and to federated. 

We treat interoperability as a continuous endogenous variable where the interoperability 

level of a given approach is increased through investments in effort. Such effort improves how 

effectively resources from one district can be used in another district, and effort can be directed 

to systems design, implementation, policies and procedures, etc. In all three approaches, each 

district chooses its own resources and interoperability effort to maximize its own surplus. 

Consequently, individual districts' effort choices jointly determine the interoperability of DMS. 

A unique feature of our formulation is that the choice of interoperability approach is a 

collective decision by districts. An integrated form is obtained only if all districts prefer the 

integrated approach. The unified form is selected if both districts choose the unified approach or 

one district chooses integrated and the other chooses unified. The resulting interoperability 

approach is federated if at least one district chooses the federated approach. Thus, both the 
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choice of interoperability approach and the requirement of a collective decision for an 

interoperability approach to form differentiates our work from others. 

We develop a stylized model that formulates district surplus including potential spillovers 

from other districts for each of our interoperability approaches. The approaches differ in 

interoperability efficiency for resources that spillover from other districts and in technology 

misfit costs for their own resources. We set up a two-stage game where in Stage 1 districts 

choose their preferred interoperability approach. In Stage 2 districts choose their own resources 

where value is affected by misfit costs, and interoperability effort which together with 

interoperability efficiency determines the interoperability level for resource spillovers. We 

compare which interoperability approach is superior for DMS in terms of resources, 

interoperability, and social welfare. 

We find that all three approaches are possible equilibria depending on interoperability 

efficiency. In addition, we find that all three approaches can be socially optimal, again depending 

on interoperability efficiency. However, we also find that an individual district’s preferences 

may deviate from the socially optimal approach. When districts have the incentive to deviate 

from the social optimum, we identify the region of misalignment between equilibrium and social 

optimal interoperability approaches. From this misalignment we suggest how different incentive 

mechanisms such as subsidies and taxes can be deployed to induce the social optimum where a 

budget balance arises naturally, and how subsidies alone can be deployed where taxes are 

politically, legally or otherwise infeasible. Finally, we examine the impact of having an initial 

interoperability level and find that our qualitative results do not change, but districts prefer a less 

centralized approach over a larger range of interoperability efficiency. 
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The remainder of the paper is organized as follows. After a brief literature review in our 

next section, the following section explains our notation, assumptions and model setup. We then 

determine the equilibria by incorporating the district's choice of interoperability approaches 

influenced by interoperability efficiency and technology misfit cost. Subsequently, we define the 

social optimum, compare it to equilibrium approaches, and show the properties of an incentive 

mechanism comprised of subsidies and taxes to induce the social optimum approach. Our 

conclusion summarizes our results, and discusses implications, limitations, and future research. 

 

LITERATURE REVIEW 

We review two related research streams and discuss our contributions to the existing literature. 

To begin, our work is related to the research stream that studies coordination issues in the 

context of disaster management and the determinants of interoperability. Next, our work is 

related to the literature on organizational economics, and specifically using incentives as a form 

of coordination mechanisms. We then discuss related models and the positioning of this work. 

Interoperability and Coordination for Disaster Management 

Disaster relief agencies face unprecedented and complex coordination challenges because they 

operate in urgent, uncertain, and volatile environments (Beck and Plowman 2014; Majchrzak et 

al. 2007). Many factors contribute to the efficiency of cooperation and coordination efforts in 

disaster management. Efficient expertise coordination among emergent or temporal response 

groups requires structural elements and role enactments that facilitate adaptability, speed, and 

learning (Bechky 2006; Kellogg et al. 2006; Majchrzak et al. 2007). Coordination mechanisms 

are needed to assure that the efforts of various agencies are synchronized, and that rescue 
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missions and operations remain aligned for knowledge integration of cross-functional teams 

(Faraj and Xiao 2006; Majchrzak et al. 2012; Okhuysen and Eisenhardt 2002). 

A recent report to public sector managers and political leaders finds that “most cross-

agency collaborations need to set up a new kind of governing structure,” and recommends to 

“leverage technology to advance a collaborative network.” (Sawyer and Fedorowicz 2012 p. 6) 

In general, there is a lack of consistent standards for emergency response, and agencies are 

challenged to share task-critical information in a timely manner (R. Chen et al. 2008). Some 

research has been done in developing a data model to reduce information interoperability barriers 

in fire-related extreme events (R. Chen et al. 2013), and enterprise application integration has 

been suggested as a way government authorities can overcome challenges in integrating 

autonomous information systems (Kamal 2009). 

We next define and position the three interoperability approaches from the 

interoperability literature. According to the interoperability framework developed in (D. Chen et 

al. 2008), three categories of barriers (conceptual, technological, and organizational) prevent 

systems from being interoperable. Developing interoperability means developing knowledge and 

solutions to remove these barriers (D. Chen et al. 2006; D. Chen et al. 2008). The objective of 

this framework is to tackle interoperability problems through the identification of barriers that 

prevent interoperability. The interoperability barriers (conceptual, technological and 

organizational) constitute the problem space of interoperability. After identifying the problem 

space, three interoperability approaches (integrated, unified and federated) are proposed as the 

organization solutions to this problem space. 

Under the integrated approach, various system components are implemented using a 

common standard so that interoperability is designed-in. Under the unified approach, the focus is 
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semantic equivalence so that different parties can map their own models and applications to a 

neutral meta-level format. In this way, policies and standards are ways to lower conceptual 

barriers, enabling an integrated approach or at least a unified approach. Organizational barriers 

can also be addressed in part by policies such as mapping responsibility and authority between 

parties that are attempting to be operationally interoperable. Under the federated approach, 

parties bring their own models and applications, and the meta-level mapping is a one-of-a-kind 

peer-to-peer. 

A historical analogue to the interoperability approaches is the analysis of centralized 

versus decentralized computing by King (1983) that categorized management options into 

extensive centralization, intermediate arrangements, and extensive decentralization – these 

options can be mapped to our integrated, unified and federated approaches, respectively. Each 

option is then defined by the locus of control – allocation of decision rights, physical location 

such as the distribution of system assets, and management of system functions – ranging from 

consolidated to devolved. 

In the context of disaster management, the recent organization of FirstNet by the U.S. 

government (see Manner et al. 2010) represents a centralized strategic center (i.e., the integrated 

approach). The Waterloo Regional Police Service case (Compeau and Movold 2007) represents a 

locally-driven example of third party coordination where a third party was to provide a common 

information management system across more than half a dozen police organizations (i.e., the 

unified approach). Finally, the provision of public safety networks in the past (see Peha 2007) 

resemble decentralized spot markets (i.e., the federated approach). Research into the 

implementation of these approaches is ongoing, including the present work. 
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From the perspective of provisioning and managing information technology (IT) 

resources, new technologies such as Web 2.0 social networking tools (Majchrzak and More 

2011), global positioning systems (Gaukler et al. 2008), and natural disaster management 

websites (Chou et al. 2014) have shown promise to help responders and volunteers in creative 

problem solving and coordination during relief operations. Simply distributing emergency 

management responsibilities across agencies is not sufficient to guarantee successful use of 

disaster relief resources (DeSanctis and Jackson 1994). Interoperability involves commonality of 

processes and technology, facilitating interactions between responders, stakeholders, and 

volunteers (Waugh and Streib 2006). The IT infrastructure governance choice should integrate 

local information processing with control and coordination (Xue et al. 2011; Xue et al. 2012). 

Coordination through interoperability is necessary for efficient and timely crisis response. But so 

far, developing the necessary process and infrastructure for crisis response has proven to be 

difficult (Thomas et al. 2010). 

Organization Economics and Incentive Mechanisms: The literature on organizational 

economics focuses on organizational forms and determinants of such forms. Prior studies 

identify various modes of organizations ranging from purely decentralized spot markets, to 

hybrid forms such as alliances, joint ventures, information-based networks, third-party 

coordination, strategic center, and further to purely centralized hierarchies. Two main drivers of 

the modes of organizations are the need for coordination and control along with the benefits of 

pooled strategic resources (Menard 2012). 

Early literature, specifically Coase (1937, 2013), realized that using prices and markets to 

trade rights to perform certain actions as a means of coordinating decentralized production faces 

transaction costs such as a legal system that can reduce the returns to a decentralized form. Other 
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methods of coordination such as integration into a firm (a form of centralization) that have their 

own costs could be preferable. Following this reasoning, Williamson (1991) defines a hybrid 

organization form between the polar opposites of hierarchy (firm) and markets that preserve 

ownership autonomy, provide strong incentives, and support bilateral dependency. Hybrids can 

be alternatives to vertically integrated firms where the latter has been found to create issues in 

sharing proprietary knowledge between a head office and subsidiaries (e.g., Nault 1998; Pierce 

2012). Contracts can be the basis for hybrids such as alliances and joint ventures, and findings 

suggest contracts between firms where one or both engage in frequent deals are more detailed 

and include enforcement (Ryall and Rachelle 2009; Tan and Carrillo 2017). 

Related Models and Our Positioning: As a starting point for our modeling we use the classic 

fiscal federalism framework in public finance (Besley and Coate 2003; Oates 1972) to capture 

the government's decision problem of maximizing the aggregate surplus of its citizens. In prior 

literature modeling the provision of assets to a public safety network using the policies proposed 

with FirstNet as a paradigm (see Manner et al. 2010) whereby U.S. states can opt-in or opt-out of 

FirstNet, Liu et al. (2017) consider a non-cooperative game setting that compares centralized, 

decentralized, and mixed organization forms. They focus on individual districts' incentive to opt-

in or opt-out of the centralized form where districts that opt-in allocate their decisions to a central 

government with the result that the central government can make decisions for one district while 

the other district chooses to make its own decisions – a mixed form. 

Although our district profit functions have some of the same structure as Liu et al. 

(2017), we incorporate novel elements that reflect the differences between the three 

interoperability approaches. These novel elements are central to our new results, and as such the 

set-up is significantly different. In these elements we capture key characteristics of provisioning 
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DMS and analyze the equilibrium and socially optimal organization form.  We adopt a well-

established interoperability framework, formulate our model consistent with the three 

interoperability approaches (integrated, unified and federated), and set up our analysis as a multi-

stage game. Table 1 illustrates the positioning of our work in terms of the interoperability 

barriers and interoperability approaches we address relative to other related studies. 

 

 

 

 

Table 1. Comparison of Existing Literature about Interoperability and Coordination 

in Disaster Management 

 

Interoperability 

 

                              Literature 

Interoperability Barriers Interoperability Approaches 

Conceptual Technological Organizational Integrated Unified Federated 

Bechky 2006 x  x    

Beck and Plowman 2014 x  x    

D. Chen et al. 2006 & 2008    x x x 

R. Chen et al 2008 & 2013 x x    x 

DeSanctis and Jackson 

1994 
 x x    

Kellogg et al. 2006 x  x    

Liu et al. 2017   x x  x 

Majchrzak et al. 2007 & 

2012 
x  x    

Majchrzak and More 2011  x x    

Manner et al. 2010  x x x   

Peha 2007  x x x   

This paper  x x x x x 
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NOTATION, ASSUMPTIONS, MODEL STRUCTURE 

Resources for Disaster Management 

Our model has two districts, indexed by 𝑗 ∈ {1, 2}, that consider the provision of DMS resources. 

In the case of a disaster in one district, resources from the other district can be used as part of the 

disaster management response. As such, there are potential spillovers from the resources in one 

district to the other district that depend in part on interoperability. Consequently, when making 

resource decisions, the choice of resources in one district must account for the choice of 

resources in the other district. 

As discussed earlier, we consider three interoperability approaches – integrated, unified, 

and federated, denoted by 𝑖 ∈ {𝐼, 𝑈, 𝐹}. We denote the DMS resources associated with the two 

districts for each interoperability approach by 𝑔𝑖1 and 𝑔𝑖2 respectively, with 𝑔𝑖𝑗 ∈ [0, 𝑔], where 

𝑔 is the upper bound for resources and is large enough to guarantee the feasibility of the interior 

solution. We use a quadratic cost function 𝑝𝑔𝑖𝑗
2  with parameter 𝑝 ∈ 𝑅+ to capture the increasing 

marginal cost associated with building/acquiring resources. There are other functional forms for 

costs, but these would require more elaborate assumptions, and some type of convexity would 

still be necessary to get interior solutions. Given this fact, the most commonly used form (affine 

benefits and quadratic costs) is more generalizable and comparable to other models in the 

literature. Technically, all that is needed is that costs are convex. Examples include the cost of 

building communication networks, acquiring rescue and relief resources, training emergency 

response personnel, etc. 

To illustrate, consider our example of LMR systems for emergency responders. DMS 

resources in this context correspond to hardware (such as portable and mobile radios, base 
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station radios, network and repeaters), software (such as encryption and network management), 

and other resources including people (such as police, firepersons, and medical personnel) and 

physical assets (such as fire trucks and ambulances). Regarding our assumption of convex costs, 

as the total amount of DMS resources increase, the marginal cost to support the growing system 

increases. Hence the overall cost is convex, which we model with quadratic costs. 

Each district is characterized by a resource preference that we denote by 𝑚𝑗 ∈ 𝑅+. The 

district with a higher 𝑚𝑗 values the resources more. Different districts often have heterogeneous 

preferences for resources. For example, one district may face higher threats from forest wildfire 

due to local terrain, land use, and weather conditions. We use 𝑚𝑗 to represent the resource 

preferences at an aggregate level of all citizens in a district, which depends on publicly 

observable district-level characteristics such as population density, geography, etc. Thus, 𝑚𝑗 is 

publicly observable and cannot be misrepresented. Without loss of generality, we capture 

heterogeneous resource preferences in the following assumption. 

 

ASSUMPTION 1. District 1 values resources more than District 2: 𝑚1 ≥ 𝑚2. 

Resource spillovers enable a district to make use of, and therefore receive, value from 

resources in another district. In valuing resources, we use the parameter 𝜅 ∈ [0,0.5] to denote the 

relative weight of resources in the other district and use [1 − 𝜅] as the relative weight of 

resources in its own district. Defining 𝜅 this way ensures local resources always have a higher 

relative weight: when 𝜅 = 0, a district only values resources in its own district; when 𝜅 = 0.5, a 

district values resources in both districts equally. We interpret 𝜅 as a degree of spillover of 

resources between districts such that a higher 𝜅 represents a higher cross-district value, and given 

our restriction 𝜅 ∈ [0,0.5], a district’s own resources are always at least as valuable as those 
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resources that spillover from the other district. To simplify our analyses, we treat 𝜅 generically, 

that is, 𝜅 is not district-specific. 

Interoperability Approaches, Effort, and Efficiency 

Our three interoperability approaches have different payoff structures that reflect interoperability 

and technology misfit that we provide detail about later. Based on its surplus, each district 

chooses its preferred interoperability approach, denoted by 𝑡1 and 𝑡2 with 𝑡1, 𝑡2 ∈ {𝐼, 𝑈, 𝐹}. 

We model the cross-district coordination such that effort can be made to improve the 

interoperability among different resources with a cost. Thus, an important element of our model 

is the inclusion of interoperability effort between districts. As we saw earlier in our LMR 

example, interoperability is challenged by LMR systems that are customized for specific 

missions, multiple vendors, issues with standards and backward compatibility, and even 

spectrum choices. 

Each district chooses its interoperability effort for a given interoperability approach 𝑒𝑖𝑗 ∈

[0, 𝑒], where 𝑖 ∈ {𝐼, 𝑈, 𝐹} and 𝑗 ∈ {1, 2}, to integrate different technologies, resources, and 

personnel to provide cross-district disaster management services. The upper bound 𝑒 is the 

maximum overall interoperability effort level. When the combined interoperability effort 

between the two districts is equivalent to 𝑒, the DMS from both districts are fully interoperable. 

In this way, we use 𝑒 as a numeraire to normalize interoperability effort in terms of this 

maximum effort level. Coordination and hence the benefits derived from the DMS depend on the 

combined interoperability effort. Our next assumption details how the interoperability efforts are 

combined in our model. 
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ASSUMPTION 2. Interoperability effort from the districts is combined additively and normalized by 

𝑒 to obtain the interoperability level between districts: (𝑒𝑖1 + 𝑒𝑖2)/ 𝑒. 

We take the additive form (i.e., 𝑒𝑖1 + 𝑒𝑖2) for the combined interoperability effort to 

guarantee that District 𝑗 derives benefit from investing in interoperability even if the other 

district does not invest in effort (i.e., 𝑒𝑖\𝑗 = 0). Both districts accept this mutual dependence of 

their joint investments in interoperability to create greater value from the spillover of their 

investments in resources which are unattainable otherwise (Bakos and Nault 1997; Borys and 

Jemison 1989). If the combined interoperability effort is high, resulting in high interoperability, 

then both districts derive greater value from the other district in the presence of spillover. 

In disaster management the value of resources from another district depends on the 

degree to which the resources are interoperable. Thus, the efficiency of coordination between 

districts is affected by the interoperability of the resources within a DMS. When using the 

unified or federated approaches each district makes its own resource decisions including 

technology choices as well as implementation choices, both of which are geared to local 

conditions and history. When using such approaches there are always issues with compatibility 

and interoperability. Furthermore, under the unified approach, as a common standard is adopted 

for meta technologies, interoperability issues are less severe compared to the federated approach. 

In other words, relative to the integrated approach, unified and federated approaches may bring 

flexibility and fast response to changing local needs, as well as other benefits, but those 

approaches also make systems integration difficult and present a barrier to standardization (see 

DeSanctis and Jackson 1994; Gopal et al. 2003; Harter et al. 2000; King 1983; Krishnan et al. 

2000; Schuff and St. Louis 2001; Xue et al. 2011; Zmud 1980). 
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As we described earlier, because interoperability is more challenging under the unified 

and federated approaches, we parameterize interoperability efficiency of these approaches 

relative to the integrated approach with 𝛽𝑈 and 𝛽𝐹, respectively, where the interoperability 

efficiency of the integrated approach, 𝛽𝐼, is normalized to 1. This leads to our next assumption. 

 

ASSUMPTION 3. Relative to the integrated approach, there is an efficiency loss in coordination 

under the unified and federated approaches: 0 < 𝛽𝐹 < 𝛽𝑈 < 𝛽𝐼 = 1. 

Returning to our LMR example, an integrated approach corresponds to a system without 

communication barriers, e.g., both districts using the same radio frequency. However, 

information is relayed from emergency responders to the individual district’s head office for 

review and processing by investigators, supervisors, and other command staff before being 

communicated to the other district. Establishing formal channels and protocols is an example of 

effort invested by both districts to further improve coordination and interoperability. A unified 

approach corresponds to both districts agreeing upon an open radio frequency channel or 

reprogramming their LMR devices when communicating across districts. A federated approach 

corresponds to where an officer must locate and borrow the LMR device from the other district’s 

officer. Comparing interoperability efficiency across interoperability approaches, the integrated 

approach is the most efficient with the federated approach being the least efficient. 

Technology Misfit Cost 

As districts differ in their DMS needs based on their local conditions, their choices of the kind of 

DMS resources that are most effective may differ as well. This gives rise to potential misfits in 

technology choice under the integrated and unified approaches relative to what each district may 

find optimal in isolation. We parameterize the technology misfit costs of the integrated and 
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unified approaches relative to the federated approach with 𝑓𝐼 and 𝑓𝑈, respectively. Under the 

federated approach, the districts have the freedom to choose technologies that fit their local 

needs with minimal technology misfit cost. We normalize the technology misfit costs of the 

federated approach, 𝑓𝐹, to zero. Under the integrated approach, both districts choose the same 

standard technology, which may deviate from their own ideal choices, leading to a technology 

misfit cost. Similarly, under the unified approach, although two districts can choose different 

technologies, they have to adopt a common meta technology. Thus, both districts also suffer a 

technology misfit cost under the unified approach, which we take as less severe than that under 

the integrated approach. To capture these differences in misfit costs, we make the next 

assumption. 

 

ASSUMPTION 4. Relative to the federated approach, there are technology misfit costs in choices 

under the integrated and unified approaches, where the integrated approach incurs greater 

costs: 0 = 𝑓𝐹 < 𝑓𝑈 < 𝑓𝐼 < 1. 

Note that our characterization of technology misfit costs is dependent on interoperability 

approaches and independent of district. Here, our focus is to differentiate between districts based 

on their resource preferences, 𝑚𝑗, where district 1 values resources more than district 2 

(Assumption 1). As a result, different districts incur different technology misfit costs. In our 

LMR example, the misfit cost can be seen in districts’ choices of different radio spectrums. The 

VHF spectrum is good for districts with large rural or hilly/mountainous areas to cover. The 

UHF spectrum is well suited for districts with high-noise urban environments. Thus, LMR 

spectrums that are mismatched with a district’s characteristics result in misfit costs that reduce 

the value of their LMR systems. 
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We partition the effects of misfit costs and interoperability level between a district’s own 

resources and those that spillover from another district. This partition effectively means that 

interoperability effort mitigates issues of technology misfit from spillovers. That is, misfit costs 

as a separate construct from interoperability level do not affect spillovers from the other district. 

Thus, misfit costs apply only to a district’s own resources. This is our last assumption. 

 

ASSUMPTION 5. The interoperability level affects the value of the spillover similarly across 

different interoperability approaches and misfit costs do not affect spillovers. 

This assumption recognizes that technology choices of either district may vary in how 

they fit the other, and that the fit is affected by the interoperability effort. Interoperability effort 

leading to interoperability level can be interpreted in part as addressing issues of fit between the 

DMS resources that spillover and a district’s own resources. For example, with LMR systems if 

there are misfit costs due to differences in spectrum choices, then interoperability effort will be 

directed to overcoming those misfit costs. 

We take all parameters and the relationships between the parameters in Assumptions 1-5 

as public information. Our notation is summarized in Table 2. 
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Table 2: Summary of Notation 

Decision Variables 

𝑡1 and 𝑡2 Choice of interoperability approach by individual districts, 𝑡1, 𝑡2 ∈

{𝐼, 𝑈, 𝐹} 

𝑔𝑖1 and 𝑔𝑖2 DMS resources chosen by each district using approach 𝑖, where 𝑖 ∈

{𝐼(integrated), 𝑈(unified), 𝐹(federated)} 

𝑒𝑖1 and 𝑒𝑖2 Interoperability efforts chosen by each district using approach 𝑖 

𝑥𝑖1 and 𝑥𝑖2 Subsidy/Tax associated with approach 𝑖 offered to each district, 

chosen by the social planner under the incentive mechanism 

Other Variables 

𝑆𝑖1 and 𝑆𝑖2 Total surplus within District 1 and 2 under approach 𝑖 

𝑆𝑖 Social welfare using approach 𝑖 

Parameters 

𝑔 Upper bound for DMS resources 

𝑚1 and 𝑚2 DMS resource preference of District 1 and 2, respectively 

𝜅 Degree of spillover 

𝛽𝑈 and 𝛽𝐹 Interoperability efficiency under the unified and federated approaches, 

0 < 𝛽𝐹 < 𝛽𝑈 < 1 

𝑓𝐼 and 𝑓𝑈 Technology misfit cost parameter under the integrated and unified 

approaches, 0 < 𝑓𝑈 < 𝑓𝐼 < 1 

𝑒 Maximum overall interoperability effort level 

𝑝 Cost parameter associated with producing or acquiring DMS 

resources 

𝛿 Cost parameter associated with effort to improve interoperability 

Thresholds 

𝛽̂𝑈1 and 𝛽̂𝑈2 Threshold for [𝛽𝑈]2 such that 𝑆𝐼𝑗 = 𝑆𝑈𝑗 when [𝛽𝑈]2 = 𝛽̂𝑈𝑗, 𝑗 = 1,2 

𝛽̂𝐹1 and 𝛽̂𝐹2 Threshold for [𝛽𝐹]2 such that 𝑆𝐼𝑗 = 𝑆𝐹𝑗 when [𝛽𝐹]2 = 𝛽̂𝐹𝑗 

𝛽̂𝑈𝐹1 and 𝛽̂𝑈𝐹2 Threshold for [𝛽𝑈]2 such that 𝑆𝑈𝑗 = 𝑆𝐹𝑗 when [𝛽𝑈]2 = 𝛽̂𝑈𝐹𝑗 

𝛽̂𝑈
𝐸𝑞𝑚

, 𝛽̂𝐹
𝐸𝑞𝑚

, and 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 Separating thresholds for the equilibrium approaches 

𝛽̂𝑈
𝑆𝑊, 𝛽̂𝐹

𝑆𝑊, and 𝛽̂𝑈𝐹
𝑆𝑊 Separating thresholds for the social optimal approaches, where 

superscript 𝑆𝑊 represents social welfare. 

𝛽̂𝑈
𝑆𝐺, 𝛽̂𝐹

𝑆𝐺, and 𝛽̂𝑈𝐹
𝑆𝐺  Separating thresholds for the cost effectiveness of the incentive 

mechanism, where superscript 𝑆𝐺 represents social gain. 

 

Individual Districts’ Surplus under Different Interoperability Approaches 

Next, we present individual districts’ surplus using each of the three interoperability approaches.  
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Integrated: Under the integrated approach the individual districts’ surplus is: 

𝑆𝐼𝑗(𝑔𝐼𝑗 , 𝑒𝐼𝑗) = 𝑚𝑗 [[1 − 𝜅][1 − 𝑓𝐼]𝑔𝐼𝑗 + 𝜅 [
𝑒𝐼𝑗+𝑒𝐼\𝑗

𝑒̅
] 𝑔𝐼\𝑗] − 𝑝𝑔𝐼𝑗

2 − 𝛿𝑒𝐼𝑗
2 . 

Here we use 𝑗 to denote the focal district and \𝑗 to denote the other district. There are three main 

components in each district’s surplus: the benefits of DMS resources, the cost of producing or 

acquiring DMS resources with parameter 𝑝, and the cost of interoperability effort with parameter 

𝛿. We take it that the cost parameters of resources and of efforts are not so large as to make the 

problem trivial, i.e., districts choosing zero resources or efforts. The benefits from DMS 

resources consist of two parts: the first part is the benefit derived from the focal district’s own 

resources, which is moderated by misfit cost parameter 𝑓𝐼. Here 𝑓𝐼 can be considered as misfit 

cost measured in percentages. The second part is the benefit derived from the other district’s 

resources, which is moderated by interoperability level [
𝑒𝐼1+𝑒𝐼2

𝑒̅
]. 

Under the unified and federated approaches, interoperability level takes the form of 

𝛽𝑈 [
𝑒1+𝑒2

𝑒
] and 𝛽𝐹 [

𝑒1+𝑒2

𝑒
] respectively. It is worth recognizing that under the integrated approach 

interoperability efficiency does not suffer as it does under the unified and federated approaches 

because of the adoption of a standard technology under the integrated approach. 

Unified: Under the unified approach the individual districts’ surplus are: 

𝑆𝑈𝑗(𝑔𝑈𝑗 , 𝑒𝑈𝑗) = 𝑚𝑗 [[1 − 𝜅][1 − 𝑓𝑈]𝑔𝑈𝑗 + 𝜅𝛽𝑈 [
𝑒𝑈𝑗+𝑒𝑈\𝑗

𝑒̅
] 𝑔𝑈\𝑗] − 𝑝𝑔𝑈𝑗

2 − 𝛿𝑒𝑈𝑗
2 . 

The key difference in the districts’ surpluses between the integrated and unified approaches lies 

in the technology misfit cost parameter 𝑓𝑈 and interoperability efficiency level 𝛽𝑈 [
𝑒𝑈1+𝑒𝑈2

𝑒̅
]. 

Federated: Under the federated approach the individual districts’ surplus are: 

𝑆𝐹𝑗(𝑔𝐹𝑗 , 𝑒𝐹𝑗) = 𝑚𝑗 [[1 − 𝜅]𝑔𝐹𝑗 + 𝜅𝛽𝐹 [
𝑒𝐹𝑗+𝑒𝐹\𝑗

𝑒̅
] 𝑔𝐹\𝑗] − 𝑝𝑔𝐹𝑗

2 − 𝛿𝑒𝐹𝑗
2 . 
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The key difference in the districts’ surplus between the unified and federated approaches lies in 

technology misfit cost parameter 𝑓𝐹 = 0 and interoperability efficiency level 𝛽𝐹 [
𝑒𝐹1+𝑒𝐹2

𝑒̅
]. 

To summarize, the differences among the three approaches are captured in Assumptions 

3 and 4: 0 < 𝛽𝐹 < 𝛽𝑈 < 𝛽𝐼 = 1 and 0 = 𝑓𝐹 < 𝑓𝑈 < 𝑓𝐼 < 1. 

Model Structure 

In our provisioning game, each district first chooses an interoperability approach, then chooses 

its resources and interoperability effort. We set this up as a two-stage game where the stages are 

defined below. 

Stage 1: In Stage 1, each district chooses an interoperability approach among three options, 

𝑡1, 𝑡2 ∈ {𝐼, 𝑈, 𝐹}. The resulting approach is a collective decision: the resulting interoperability 

approach is the less centralized between the choices of the two districts. This is based on the 

reasoning that one district cannot force an approach that requires more coordination (or less 

independence) on the other. Consequently, 

• the interoperability approach is integrated if both districts choose 𝐼, 

• the interoperability approach is unified if both districts choose 𝑈 or one district chooses 𝐼 and 

the other chooses 𝑈, and 

• the interoperability approach is federated if at least one district chooses 𝐹. 

As shown in Table 3, if two districts choose different interoperability approaches, then 

the less centralized approach is the result consistent with the collective decision described above. 

Using our parameterization of interoperability efficiency and technology misfit costs, the reasons 

for this are as follows: If 𝐼 and 𝑈 are chosen, then 𝐼 faces 𝛽𝑈 as well as 𝑓𝐼 so prefers 𝑈. If 𝐼 and 𝐹 
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are chosen, then 𝐼 faces 𝛽𝐹 as well as 𝑓𝐼 so prefers 𝐹. If 𝑈 and 𝐹 are chosen, then 𝑈 faces 𝛽𝐹 as 

well as 𝑓𝑈 so prefers 𝐹. 

Table 3: Determination of Interoperability Approaches 

 
District 2’s Choice 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1’s Choice 

𝑡1 = 𝐼 𝐼 𝑈 𝐹 

𝑡1 = 𝑈 𝑈 𝑈 𝐹 

𝑡1 = 𝐹 𝐹 𝐹 𝐹 

 

Stage 2: In Stage 2, using the resulting interoperability approach 𝑖, each district chooses 

resources 𝑔𝑖𝑗  and interoperability effort 𝑒𝑖𝑗 to maximize the total surplus within its district 𝑗 ∈

{1,2}. In other words, District 1’s decision problem is max
𝑔𝑖1,𝑒𝑖1

 𝑆𝑖1 and District 2’s decision problem 

is max
𝑔𝑖2,𝑒𝑖2

 𝑆𝑖2, with 𝑖 ∈ {𝐼, 𝑈, 𝐹}, where the equations that describe the total surplus within each 

district for a given interoperability approach are provided in the prior section. 

Regarding the order of decision making, our formulation is standard: the design of how 

districts work together (interoperability approach) is set first, then districts react to that design in 

their choice of investments in resources and interoperability effort. In the context of LMR 

systems the choice of interoperability approach is whether to have common choices in spectrum, 

vendor, equipment, software, personnel training programs, etc. (integrated), or limited matching 

in terms of perhaps vendor, and software (unified), or each district makes their own choices 

independently (federated). This results in different levels of misfit costs and of interoperability 

efficiency. Given this, districts then make their investments in LMR resources and 

interoperability effort. 
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EQUILIBRIUM ANALYSIS OF THE MODEL 

We solve the DMS provisioning game using backward induction, where investments are 

determined for each interoperability approach yielding the surplus each district receive under 

each interoperability approach, and then the interoperability approach is chosen. 

Stage 2: In Stage 2, given two districts’ choices of interoperability approaches 𝑡1 and 𝑡2, the 

resulting interoperability approach 𝑖 ∈ {𝐼, 𝑈, 𝐹} is obtained from Table 3. For each 

interoperability approach, each district maximizes its surplus by choosing resources and 

interoperability effort. Jointly solving for individual districts’ optimal resources, 𝑔𝑖𝑗 , and 

interoperability effort, 𝑒𝑖𝑗, yields a Nash equilibrium where the resources and interoperability 

efforts are optimal value functions of our parameters. We note that solving for optimal resources 

and interoperability effort sequentially yields the same results because there is no “event” that 

occurs between the choice of resources and interoperability effort. We then compute the 

corresponding surplus for each of the districts, 𝑆𝑖𝑗. The expressions for the individual districts’ 

resources, interoperability effort, and surplus are given in the Appendix. 

Stage 1: In Stage 1, we compare individual district’s surplus, 𝑆𝑖𝑗, across the three 

interoperability approaches to determine the districts’ choices. Depending on the values of 

interoperability efficiency parameters 𝛽𝑈 and 𝛽𝐹, there are nine cases illustrated by nine 

numbered regions in Figure 1. We use the squares of 𝛽𝑈 and 𝛽𝐹 as axes throughout our figures so 

that partitioning the space can be done with lines rather than curves. The cases are defined by the 

surplus ranking for each district across the three interoperability approaches, and by the 

interoperability approach that results from the two districts’ collective choices. The feasible 

region that contains these cases defined is by our Assumption 3, 0 < 𝛽𝐹 < 𝛽𝑈 < 𝛽𝐼 = 1, and 

corresponds to the upper triangle whose boundaries are indicated by the bold lines. To the right 
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of the figure are the surplus rankings for each district across the three interoperability 

approaches. The regions are determined by a set of interoperability efficiency thresholds defined 

by when a given district is indifferent between two interoperability approaches. 

The interoperability efficiency thresholds 𝛽̂𝑈𝑗 , 𝛽̂𝐹𝑗 , and 𝛽̂𝑈𝐹𝑗 for District 𝑗 ∈ {1, 2} are 

defined as follows. When [𝛽𝑈]2 = 𝛽̂𝑈𝑗 , District 𝑗 is indifferent between the integrated and 

unified approaches, i.e., 𝑆𝐼𝑗 = 𝑆𝑈𝑗 at [𝛽𝑈]2 = 𝛽̂𝑈𝑗. When [𝛽𝐹]2 = 𝛽̂𝐹𝑗 , District 𝑗 is indifferent 

between the integrated and federated approaches, i.e., 𝑆𝐼𝑗 = 𝑆𝐹𝑗  at [𝛽𝐹]2 = 𝛽̂𝐹𝑗. When [𝛽𝑈]2 =

𝛽̂𝑈𝐹𝑗, District 𝑗 is indifferent between the unified and federated approaches, i.e., 𝑆𝑈𝑗 = 𝑆𝐹𝑗  at 

[𝛽𝑈]2 = 𝛽̂𝑈𝐹𝑗. 

 

 

Case 1: 𝑆𝐼1 > 𝑆𝐹1 > 𝑆𝑈1 and 𝑆𝐼2 > 𝑆𝐹2 > 𝑆𝑈2 

Case 2: 𝑆𝐼1 > 𝑆𝐹1 > 𝑆𝑈1 and 𝑆𝐼2 > 𝑆𝑈2 > 𝑆𝐹2 

Case 3: 𝑆𝐼1 > 𝑆𝑈1 > 𝑆𝐹1 and 𝑆𝐼2 > 𝑆𝑈2 > 𝑆𝐹2 

Case 4: 𝑆𝑈1 > 𝑆𝐼1, 𝑆𝐹1 and 𝑆𝐼2 > 𝑆𝑈2 > 𝑆𝐹2 

Case 5: 𝑆𝑈1 > 𝑆𝐼1, 𝑆𝐹1 and 𝑆𝑈2 > 𝑆𝐼2, 𝑆𝐹2 

Case 6: 𝑆𝐹1 > 𝑆𝑈1 > 𝑆𝐼1 and 𝑆𝑈2 > 𝑆𝐼2, 𝑆𝐹2 

Case 7: 𝑆𝐹1 > 𝑆𝐼1, 𝑆𝑈1 and 𝑆𝐼2 > 𝑆𝑈2 > 𝑆𝐹2 

Case 8: 𝑆𝐹1 > 𝑆𝐼1, 𝑆𝑈1 and 𝑆𝐼2 > 𝑆𝐹2 > 𝑆𝑈2 

Case 9: 𝑆𝐹1 > 𝑆𝐼1, 𝑆𝑈1 and 𝑆𝐹2 > 𝑆𝐼2, 𝑆𝑈2 

Note: The feasible region defined by Assumption 3 corresponds to the upper triangle, indicated by the bold lines. The red solid 

lines correspond to District 1’s preference while the green dotted lines correspond to District 2’s preference. 

Figure 1: Nine Equilibrium Cases 
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For each region in the upper triangle of Figure 1 there is the possibility of multiple Nash 

equilibrium interoperability approaches. When there are multiple equilibria, we refine the set of 

equilibria based on Pareto efficiency where a Pareto efficient equilibrium is characterized by an 

equilibrium interoperability approach where there is not another equilibrium that makes one 

district better off without making the other worse off. We use Case 1 as an example to show how 

we solve for and refine the equilibrium. The analyses of the remaining cases are relegated to the 

Appendix. In Case 1 as illustrated in Table 4 below, we use underline to indicate the preference 

of District 1 and overline to indicate the preference of District 2. 

Table 4: Equilibrium Derivation for Case 1 

 
District 2’s Choice 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1’s Choice 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

 

To determine whether a given cell is a Nash equilibrium, we check whether one district 

has the incentive to deviate given the other district’s choice: we check whether their strategy is a 

best response. Given District 2 chooses 𝐼 (𝑡2 = 𝐼), District 1 prefers 𝐼 because 𝑆𝐼1 > 𝑆𝐹1 > 𝑆𝑈1. 

Given District 1 chooses 𝐼 (𝑡1 = 𝐼), District 2 prefers 𝐼 because 𝑆𝐼2 > 𝑆𝐹2 > 𝑆𝑈2. Thus, (𝐼, 𝐼) is a 

best response equilibrium. Similarly, we check the other eight outcomes. After checking all nine 

outcomes, we find that there are four Nash equilibria in Case 1: (𝐼, 𝐼), (𝐹, 𝑈), (𝑈, 𝐹), and (𝐹, 𝐹). 

In these, there are two equilibrium interoperability approaches – integrated and federated. 

We further compare both districts’ surplus in these two equilibrium interoperability 

approaches. Because 𝑆𝐼1 > 𝑆𝐹1 > 𝑆𝑈1 and 𝑆𝐼2 > 𝑆𝐹2 > 𝑆𝑈2, we conclude that the (𝐼, 𝐼) is the 

Pareto efficient equilibrium because at (𝐼, 𝐼) as both districts are better off using an integrated 



31 

interoperability approach than a federated one. This Pareto efficient equilibrium is indicated by 

the shaded cell in Table 4. 

Summarizing the equilibrium interoperability approach in all nine cases, in Cases 1-5 

with relatively low 𝛽𝐹, there are multiple equilibria. In Cases 1-3, the integrated approach is the 

Pareto efficient equilibrium. In Cases 4-5, the unified approach is the Pareto efficient 

equilibrium. In Cases 6-9, the federated approach is the only possible equilibrium. Lemmas 1 

and 2 formally summarize the districts’ choices and the equilibrium interoperability approach. 

Proofs of our lemmas and propositions are available in the Appendix. 

 

LEMMA 1: The Pareto efficient interoperability approach of District 𝑗 ∈ {1,2} is integrated if 

[𝛽𝑈]2 < 𝛽̂𝑈𝑗 and [𝛽𝐹]2 < 𝛽̂𝐹𝑗; unified if [𝛽𝑈]2 ≥ 𝑚𝑎𝑥{𝛽̂𝑈𝑗 , 𝛽̂𝑈𝐹𝑗}; and federated if [𝛽𝑈]2 < 𝛽̂𝑈𝐹𝑗 

and [𝛽𝐹]2 ≥ 𝛽̂𝐹𝑗. 

 

Figure 2: Individual Districts’ Preferred Interoperability Approach 
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Lemma 1 and Figure 2 show individual districts’ preferred interoperability approach. 

Intuitively, a district prefers the integrated approach when the interoperability efficiency loss 

under the other two approaches are high, i.e., both 𝛽𝑈 and 𝛽𝐹 lower than a threshold. The 

federated approach is preferred when 𝛽𝐹 is relatively high and 𝛽𝑈 is relatively low. Otherwise, 

the unified approach is preferred. As illustrated in Figure 2, the red solid lines correspond to 

District 1’s preference while the green dotted lines correspond to District 2’s preference. 

Figure 3 also shows that District 1’s preferred interoperability approach is either the same 

or less centralized than District 2’s preferred approach. From our Table 3 this means that the 

equilibrium interoperability thresholds, 𝛽̂𝑈
𝐸𝑞𝑚 , 𝛽̂𝐹

𝐸𝑞𝑚 , and 𝛽̂𝑈𝐹
𝐸𝑞𝑚

, are those of District 1. 

 

LEMMA 2: The Pareto efficient equilibrium interoperability approach is integrated if [𝛽𝑈]2 <

 𝛽̂𝑈
𝐸𝑞𝑚

 and [𝛽𝐹]2 < 𝛽̂𝐹
𝐸𝑞𝑚

; unified if [𝛽𝑈]2 ≥ 𝑚𝑎𝑥{ 𝛽̂𝑈
𝐸𝑞𝑚 , 𝛽̂𝑈𝐹

𝐸𝑞𝑚}; and federated if [𝛽𝑈]2 < 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 

and [𝛽𝐹]2 ≥ 𝛽̂𝐹
𝐸𝑞𝑚

. 

Lemma 2 and Figure 3 show the Pareto efficient equilibrium interoperability approach. 

Based on individual districts’ preferences, a more centralized interoperability approach is the 

equilibrium if and only if both districts prefer that approach. If at least one district prefers a less 

centralized approach, then the less centralized approach becomes the equilibrium. When 𝛽𝑈 is 

large and 𝛽𝐹 is not, it indicates that the unified approach becomes more efficient in converting 

interoperability efforts into benefits, which makes the unified approach more desirable to both 

districts. Thus, the unified approach is more likely to be the equilibrium. Similarly, when 𝛽𝐹 

becomes large, the federated approach becomes more efficient. Meanwhile the misfit cost of 

DMS resources is lower under the federated approach, hence the federated approach is more 

likely to be the equilibrium. When 𝛽𝑈 and 𝛽𝐹 are both small, the interoperability efficiency 
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benefits of the integrated approach far outweigh the misfit cost, and as a result the integrated 

approach is more likely to be the equilibrium. 

 

Figure 3: Equilibrium Interoperability Approach 

 

PROPOSITION 1: (Properties of equilibrium interoperability approaches) 

All three interoperability approaches are possible equilibria. The equilibrium is determined by 

District 1’s preference, i.e., 𝛽̂𝑈
𝐸𝑞𝑚 = 𝛽̂𝑈1, 𝛽̂𝐹

𝐸𝑞𝑚 =  𝛽̂𝐹1, and 𝛽̂𝑈𝐹
𝐸𝑞𝑚 = 𝛽̂𝑈𝐹1. 

The equilibrium interoperability approach critically depends on interoperability 

efficiencies captured by the parameters 𝛽𝑈 and 𝛽𝐹, and the Pareto efficient equilibrium is 

determined by District 1’s preferences only. Recall that the only difference between two districts 

lies in their preferences for DMS resources with District 1 valuing DMS resources more, i.e., 

𝑚1 > 𝑚2. This heterogeneous characteristic leads to two districts’ different choices of resources 

and interoperability effort, as well as their different preferences for interoperability approaches. 

The reason why District 1 prefers a more centralized approach in a smaller region than District 2 

[𝛽𝐹]2 
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is because of Assumption 1: with a higher valuation for resources than District 2, the resources 

and interoperability effort chosen by District 1 are higher, and thus the spillover is more valuable 

to District 2. 

 

COROLLARY 1: (Impact of misfit cost and degree of spillover on equilibrium interoperability 

approaches) 

(i) When 𝑓𝐼 increases, 𝛽̂𝑈
𝐸𝑞𝑚

 and 𝛽̂𝐹
𝐸𝑞𝑚

 decrease while 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 remains unchanged. When 𝑓𝑈 

increases, 𝛽̂𝑈
𝐸𝑞𝑚

 increases and both the slope and the intercept of 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 increase, while 𝛽̂𝐹
𝐸𝑞𝑚

 

remains unchanged. 

(ii) When 𝜅 increases, 𝛽̂𝑈
𝐸𝑞𝑚

 and 𝛽̂𝐹
𝐸𝑞𝑚

increase while 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 decreases. 

Corollary 1 presents the impact of misfit costs and degree of spillover on equilibrium 

interoperability approaches. With an increase of the misfit cost, 𝑓𝑈 or 𝑓𝐼, the corresponding 

interoperability approach, U or I, becomes less likely to be the equilibrium approach. In LMR 

systems for example, as the cost of using a radio spectrum that does not match with the district’s 

geography increases, the unified or integrated approaches are less likely to be the equilibrium 

approach. With an increase of the degree of spillover, the districts reply more on the other 

district’s resources. Consequently, the districts prefer a more centralized approach in a larger 

parameter space to take advantage of a higher interoperability efficiency. 

ANALYSIS OF SOCIALLY OPTIMAL INTEROPERABILITY APPROACH 

We explore the socially optimal interoperability approach. We start with the first-best social 

optimum. Theoretically, the first-best social optimum involves the social planner maximizing 

social welfare (the overall total surplus of both districts) by selecting the interoperability 

approach (𝑖), resources (𝑔𝑖1 and 𝑔𝑖2), and interoperability efforts (𝑒𝑖1 and 𝑒𝑖2) for the two 
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districts. The social planner’s decision problem can be formulated as max
𝑖,𝑔𝑖1,𝑔𝑖2,𝑒𝑖1,𝑒𝑖2

𝑆𝑖 = 𝑆𝑖1 + 𝑆𝑖2. 

However, this first-best social optimum is practically unattainable due to various reasons such as 

incomplete information regarding local needs of districts, non-contractibility of interoperability 

tasks, etc. 

Instead, we investigate a social optimum that allows each district to choose its optimal 

resources (𝑔𝑖𝑗) and interoperability effort (𝑒𝑖𝑗) for each interoperability approach. Then the 

socially optimal approach is the one that maximizes social welfare across different approaches. 

Lemma 3 summarizes the results of the socially optimal interoperability approach. There are 

again interoperability efficiency thresholds for social welfare:  𝛽̂𝑈
𝑆𝑊, 𝛽̂𝐹

𝑆𝑊, and 𝛽̂𝑈𝐹
𝑆𝑊. When 

[𝛽𝑈]2 = 𝛽̂𝑈
𝑆𝑊, the planner is indifferent between the integrated and unified approaches, i.e., 𝑆𝐼1 +

𝑆𝐼2 = 𝑆𝑈1 + 𝑆𝑈2 at [𝛽𝑈]2 = 𝛽̂𝑈
𝑆𝑊. Similarly, when [𝛽𝐹]2 = 𝛽̂𝐹

𝑆𝑊, the planner is indifferent 

between the integrated and federated approaches, and when [𝛽𝑈]2 = 𝛽̂𝑈𝐹
𝑆𝑊, the planner is 

indifferent between the unified and federated approaches. 

 

LEMMA 3: The socially optimal interoperability approach is integrated if [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝑊 and 

[𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝑊; unified if [𝛽𝑈]2 ≥ 𝑚𝑎𝑥{𝛽̂𝑈

𝑆𝑊, 𝛽̂𝑈𝐹
𝑆𝑊}; and federated if [𝛽𝑈]2 < 𝛽̂𝑈𝐹

𝑆𝑊 and [𝛽𝐹]2 ≥

𝛽̂𝐹
𝑆𝑊. 

The properties of socially optimal interoperability approaches are presented in 

Proposition 2 and shown graphically in Figure 4. 

 

PROPOSITION 2: (Properties of socially optimal interoperability approaches) 

All three interoperability approaches are possible socially optimal approaches. The social 

planner prefers a more centralized interoperability approach over a broader parameter region 
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compared to the equilibrium interoperability approaches, i.e., 𝛽̂𝑈
𝑆𝑊 > 𝛽̂𝑈

𝐸𝑞𝑚
, 𝛽̂𝐹

𝑆𝑊 > 𝛽̂𝐹
𝐸𝑞𝑚

, and 

𝛽̂𝑈𝐹
𝑆𝑊 < 𝛽̂𝑈𝐹

𝐸𝑞𝑚
. 

The social planner prefers a more centralized interoperability approach over a greater 

range of interoperability efficiency and misfit costs, effectively our technology conditions, than 

the individual districts do. This result is driven by the fact that when choosing interoperability 

approaches, individual districts do not take the positive externality of a more centralized 

approach imposed on the other district into account. As a result, individual districts can end up 

choosing a less centralized approach than the social planner. For spectrum choice in LMR 

systems this means, for example, there is a broader range of interoperability efficiency where the 

social planner prefers both districts use the same spectrum (integrated) whereas individual 

districts prefer different spectra (unified and federated). 

Directly comparing the socially optimal approaches with our equilibrium results, the 

social planner prefers integrated, but the equilibrium result is unified, when 𝛽̂𝑈
𝑆𝑊 >  [𝛽𝑈]2 >

𝑚𝑎𝑥{𝛽̂𝑈
𝐸𝑞𝑚 , 𝛽̂𝑈𝐹

𝐸𝑞𝑚}. Similarly, the social planner prefers integrated, but the equilibrium result is 

federated, when 𝛽̂𝐹
𝑆𝑊 >  [𝛽𝐹]2 > 𝛽̂𝐹

𝐸𝑞𝑚
 and [𝛽𝑈]2 < 𝑚𝑖𝑛{𝛽̂𝑈

𝑆𝑊, 𝛽̂𝑈𝐹
𝐸𝑞𝑚  }. Finally, the social 

planner prefers unified, but the equilibrium result is federated, when 𝛽̂𝑈𝐹
𝐸𝑞𝑚

>

 [𝛽𝑈]2 >  𝑚𝑎𝑥{𝛽̂𝑈𝐹
𝑆𝑊, 𝛽̂𝑈

𝑆𝑊}. 

Figure 4 also shows three regions of misalignment between equilibrium and socially 

optimal interoperability approaches – horizontally, vertically, and diagonally shaded – 

corresponding to the comparisons detailed above. These regions of misalignment represent the 

ranges in our technology conditions (Assumptions 3 and 4) under which regulatory intervention 

is needed. 
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Note: The blue dotted lines correspond to the equilibrium while the orange solid lines correspond to the social 

optimum. The shaded areas correspond to areas of misalignment between equilibrium and socially optimal 

interoperability approaches. 

 

Figure 4: Equilibrium and Socially Optimal Interoperability Approaches and Deviations 

 

COROLLARY 2: (Impact of misfit cost and degree of spillover on socially optimal interoperability 

approaches) 

(i) When 𝑓𝐼 increases, 𝛽̂𝑈
𝑆𝑊 and 𝛽̂𝐹

𝑆𝑊 decrease while 𝛽̂𝑈𝐹
𝑆𝑊 remains unchanged. When 𝑓𝑈 

increases, 𝛽̂𝑈
𝑆𝑊 increases and both the slope and the intercept of 𝛽̂𝑈𝐹

𝑆𝑊 increase, while 𝛽̂𝐹
𝑆𝑊 

remains unchanged. 

(ii) When 𝜅 increases, 𝛽̂𝑈
𝑆𝑊 and 𝛽̂𝐹

𝑆𝑊increase while 𝛽̂𝑈𝐹
𝑆𝑊 decreases. 

Corollary 2 shows the impact of misfit cost and degree of spillover on the socially 

optimal interoperability approaches. Similar to its effects on equilibrium interoperability 

approaches, a higher misfit cost (increased 𝑓𝐼 or 𝑓𝑈) also leads to a less centralized approach for 
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the social planner. Additionally, a higher degree of spillover (𝜅) leads to a more centralized 

approach for the social planner. 

DESIGN OF AN INCENTIVE MECHANISM TO INDUCE THE SOCIALLY OPTIMAL 

APPROACH 

We now explore how incentive mechanisms can be deployed to induce the socially optimal 

interoperability approach. In our formulation, before individual districts make their decisions, the 

social planner designs and announces an incentive mechanism which consists of subsidies and/or 

taxes to the districts. To implement this, we add a Stage 0 to the game: 

Stage 0: The social planner announces the incentive mechanism, that is, the planner offers a 

subsidy or tax 𝑥𝑖𝑗 to District 𝑗 ∈ {1,2} given the resulting interoperability approach 𝑖 ∈ {𝐼, 𝑈, 𝐹}. 

Stage 1: Each district chooses its preferred interoperability approach. The resulting 

interoperability approach is determined in the same way as in the equilibrium analysis. 

Stage 2: Under the resulting interoperability approach 𝑖, each district chooses resources 𝑔𝑖𝑗  and 

interoperability effort 𝑒𝑖𝑗 to maximize the total surplus within District 𝑗 ∈ {1,2}. 

Recall from our collective decision-making that if two districts choose different 

interoperability approaches, then the least centralized approach is the result, conditional on any 

subsidy or tax they may receive. The solution to optimal subsidies and taxes (our incentive 

mechanism) to induce the socially optimal interoperability approach in our provisioning game is 

given in Lemma 4. 

LEMMA 4: The optimal incentive mechanism with subsidy and tax for the integrated approach is 

𝑥𝐼1 = −𝑥𝐼2 =
𝑓𝐼[2−𝑓𝐼][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
, for the unified approach it is 𝑥𝑈1 = −𝑥𝑈2 =

𝑓𝑈[2−𝑓𝑈][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
, and for the federated approach it is 𝑥𝐹1 = 𝑥𝐹2 = 0. 
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Lemma 4 specifies the optimal subsidy and tax levels offered to the two districts, which 

induces the socially optimal interoperability approach. In the first two situations the incentive 

mechanism is simply a transfer between districts to induce District 1 to choose a more 

centralized approach, and this transfer is decreasing in the degree of spillover and increasing in 

the relevant misfit costs. In addition, from Figure 4 there is no situation in which the socially 

optimal approach is federated, and the equilibrium approach is integrated or unified, so no 

subsidy or tax is needed when the socially optimal approach is federated.  It is also worth 

recognizing that the optimal incentive (transfer) is designed to cross the threshold values that are 

defined in terms of interoperability efficiency, and that the incentive depends on the misfit costs. 

Next, we analyze the properties of the optimal incentive mechanism with subsidy and tax. We 

summarize these in Proposition 3. 

 

PROPOSITION 3: (Properties of the optimal incentive mechanism with subsidy and tax) 

The social planner should subsidize District 1 and tax District 2. The total incentives given to 

both districts in all three interoperability approaches is zero: 𝑥𝐼1 + 𝑥𝐼2 = 𝑥𝑈1 + 𝑥𝑈2 = 𝑥𝐹1 +

𝑥𝐹2 = 0. To achieve the social optimum, 𝑥𝐼1 > 𝑥𝑈1 > 𝑥𝐹1 = 0 and 𝑥𝐼2 < 𝑥𝑈2 < 𝑥𝐹2 = 0, 

District 1 receives the maximum subsidy with integrated approach while District 2 pays the 

minimum tax with federated approach. 

Proposition 3 reveals that to achieve the social optimum the social planner should 

subsidize District 1 to encourage it to choose a more centralized interoperability approach. In the 

meantime, the social planner should tax District 2 the same amount to discourage it from 

choosing a more centralized approach because the result is still a less centralized approach when 

District 2 is the only district choosing a more centralized approach. As a result, the incentive 

between districts is a transfer, which means no extra funding is needed to induce the social 
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optimum, and budget balance arises naturally from our formulation. Finally, and not surprisingly, 

a larger transfer in the form of a subsidy (tax) is needed for District 1 (2) under a more 

centralized approach. 

However, taxing a district for choosing a more centralized interoperability approach may 

not be feasible in practice for political, legal, or other reasons. Thus, we derive the optimal 

incentive mechanism with a subsidy only in Lemma 5. 

 

LEMMA 5: The optimal incentive mechanism with subsidy only for the integrated approach is 

𝑥𝐼1 =
𝑓𝐼[2−𝑓𝐼][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
 𝑎𝑛𝑑 𝑥𝐼2 = 0, for the unified approach is 𝑥𝑈1 =

𝑓𝑈[2−𝑓𝑈][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
 and 𝑥𝑈2 =

[𝑓𝐼[2−𝑓𝐼]−𝑓𝑈[2−𝑓𝑈]][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
, and for the 

federated approach is 𝑥𝐹1 = 0 and 𝑥𝐹2 =
𝑓𝐼[2−𝑓𝐼][𝑚1−𝑚2][𝑚1+𝑚2][1−𝜅]2

8𝑝
. 

Lemma 5 reveals a different incentive structure when taxing a district is not allowed 

although similar to Lemma 4 the subsidy is decreasing in the degree of spillover and increasing 

in the relevant misfit costs. The properties of the optimal incentive mechanism with a subsidy 

only are shown in Proposition 4. 

 

PROPOSITION 4: (Properties of the optimal incentive mechanism with a subsidy only) 

(i) The social planner should subsidize District 1 for more centralized interoperability 

approaches and subsidize District 2 for less centralized approaches. 

(ii) The total incentives given to both districts in all three interoperability approaches are the 

same: 𝑥𝐼1 + 𝑥𝐼2 = 𝑥𝑈1 + 𝑥𝑈2 = 𝑥𝐹1 + 𝑥𝐹2 > 0. 



41 

(iii) To achieve the social optimum, 𝑥𝐼1 > 𝑥𝑈1 > 𝑥𝐹1  and 𝑥𝐼2 < 𝑥𝑈2 < 𝑥𝐹2, District 1 receives 

the highest level of subsidy with the integrated approach while District 2 receives the highest 

level of subsidy with the federated approach. 

Different from the incentive mechanism with both subsidies and taxes, Proposition 4 (iii) 

shows that District 2 is subsidized for less centralized approaches rather than taxed for more 

centralized approaches, again because District 2 values the spillover more and favors more 

centralized approaches. The converse is true for District 1 that is subsidized for more centralized 

approaches because it values spillovers less. When taxes are infeasible, extra funding is needed 

to cover the total subsidy given to both districts and thus positive total incentives are given out. 

Next, we verify whether the social gain (from inducing the socially optimal 

interoperability approach) exceeds the extra funding needed to support the subsidies. Lemma 6 

summarizes the comparison results between the social gain and the total subsidy. 

 

LEMMA 6: Comparing the total subsidy given to both districts with the social gain yields: 

(i) When 𝛽̂𝑈
𝑆𝑊 >  [𝛽𝑈]2 > 𝑚𝑎𝑥{𝛽̂𝑈

𝐸𝑞𝑚 , 𝛽̂𝑈𝐹
𝐸𝑞𝑚}, i.e., in the horizontally shaded area in Figure 4, 

the social gain is 𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝑈(𝑥𝑈1, 𝑥𝑈2). Furthermore, the social gain is sufficient to cover 

the total subsidy if and only if [𝛽𝑈]2 ≤ 𝛽̂𝑈
𝑆𝐺 . 

(ii) When 𝛽̂𝐹
𝐸𝑞𝑚 <  [𝛽𝐹]2 < 𝛽̂𝐹

𝑆𝑊 and [𝛽𝑈]2 < 𝑚𝑖𝑛{𝛽̂𝑈
𝑆𝑊, 𝛽̂𝑈𝐹

𝐸𝑞𝑚}, i.e., in the vertically shaded 

area in Figure 4, the social gain is 𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2). Furthermore, the social gain is 

sufficient to cover the total subsidy if and only if [𝛽𝐹]2 ≤ 𝛽̂𝐹
𝑆𝐺 . 

(iii) When 𝑚𝑎𝑥{𝛽̂𝑈𝐹
𝑆𝑊, 𝛽̂𝑈

𝑆𝑊} < [𝛽𝑈]2 < 𝛽̂𝑈𝐹
𝐸𝑞𝑚

, i.e., in the diagonally shaded area in Figure 4, the 

social gain is 𝑆𝑈(𝑥𝑈1, 𝑥𝑈2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2). Furthermore, the social gain is sufficient to cover the 

total subsidy if and only if [𝛽𝑈]2 ≥ 𝛽̂𝑈𝐹
𝑆𝐺 . 
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Considering all three regions (horizontally, vertically, and diagonally shaded) of 

misalignment in Figure 4, we consolidate and compare the results in Proposition 5. 

 

PROPOSITION 5: (Comparison between the total subsidy with subsidy only and the social gain) 

Case a: 
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
≥ 2: 

(a-i) The social gain is sufficient to cover the total subsidy, if 𝑚𝑎𝑥{𝛽̂𝑈
𝐸𝑞𝑚 , 𝛽̂𝑈𝐹

𝐸𝑞𝑚} <  [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝐺  

or 𝛽̂𝐹
𝐸𝑞𝑚 <  [𝛽𝐹]2 < 𝛽̂𝐹

𝑆𝐺 . 

(a-ii) The social gain is not sufficient to cover the total subsidy, if 𝛽̂𝑈
𝑆𝐺 < [𝛽𝑈]2 < 𝛽̂𝑈

𝑆𝑊 or 𝛽̂𝐹
𝑆𝐺 <

 [𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝑊 or 𝑚𝑎𝑥{𝛽̂𝑈𝐹

𝑆𝑊, 𝛽̂𝑈
𝑆𝑊} < [𝛽𝑈]2 < 𝛽̂𝑈𝐹

𝐸𝑞𝑚
. 

Case b: 
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
< 2: 

(b-i) The social gain is sufficient to cover the total subsidy, if 𝛽̂𝐹
𝐸𝑞𝑚 <  [𝛽𝐹]2 < 𝛽̂𝐹

𝑆𝐺  or 𝛽̂𝑈𝐹
𝑆𝐺 <

[𝛽𝑈]2 < 𝛽̂𝑈𝐹
𝐸𝑞𝑚

. 

(b-ii) The social gain is not sufficient to cover the total subsidy, if max{𝛽̂𝑈
𝐸𝑞𝑚

, 𝛽̂𝑈𝐹
𝐸𝑞𝑚} < [𝛽𝑈]2 <

𝛽̂𝑈
𝑆𝑊 or 𝛽̂𝐹

𝑆𝐺 <  [𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝑊 or max{𝛽̂𝑈𝐹

𝑆𝑊, 𝛽̂𝑈
𝑆𝑊} < [𝛽𝑈]2 < 𝛽̂𝑈𝐹

𝑆𝐺 . 

 

The results from Proposition 5 are illustrated in Figures 5 and 6. In Figure 5, where 

differentiation is captured, the comparison pattern between the total subsidy and the social gain 

depends on how much the misfit costs of the integrated and unified approaches differ from each 

other, captured by 
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
. There are two cases: the highly-differentiated-misfit cost case (Case 

a with 
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
≥ 2) and the less-differentiated-misfit cost case (Case b with 

𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
< 2). 

Figure 6 demonstrates the technology conditions based on interoperability efficiency and 

misfit costs (the green shaded areas) where the social gain is sufficient to cover the total subsidy. 
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In other words, in the parameter regions where the social gain is not sufficient to cover the total 

subsidy, additional funding is needed to cover the subsidies given to the districts in order to 

induce the socially optimum interoperability approach. 

 

Figure 5: Misfit Cases 
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Notes: The green shaded areas correspond to the parameter regions where the social gain is sufficient to cover the 

total subsidy. 

 

Figure 6: Comparison between the total subsidy under incentive with subsidy alone and the 

social gain 

 

THE IMPACT OF INITIAL INTEROPERABILITY 

When facing the provision decision of a DMS, districts may have existing investment in 

interoperability that could apply to coordinating spillovers from other districts’ newly acquired 

resources. Here we examine the impact of such initial interoperability levels on the equilibrium 

outcomes. We denote the initial interoperability level as 𝐼0 ∈ [0, 1], which represents the 

interoperability level of the existing DMS for the two districts. We present individual districts’ 

decision problems under each of the three interoperability approaches. 

Under the integrated approach, the individual district’s decision problem is: 

max 𝑆𝐼𝑗 (𝑔𝐼𝑗 , 𝑒𝐼𝑗) = 𝑚𝑗 [[1 − 𝜅][1 − 𝑓𝐼]𝑔𝐼𝑗 + 𝜅 [𝐼0 +
𝑒𝐼𝑗 + 𝑒𝐼\𝑗

𝑒̅
] 𝑔𝐼\𝑗] − 𝑝𝑔𝐼𝑗

2 − 𝛿𝑒𝐼𝑗
2  

Subject to 0 ≤ 𝑒𝐼𝑗 ≤ 𝑒, 0 ≤ 𝑔𝐼𝑗 ≤ 𝑔, 0 ≤ 𝐼0 + 𝛽𝐼 [
𝑒𝐼𝑗+𝑒𝐼\𝑗

𝑒̅
] ≤ 1, where 𝑗 = 1, 2. 

The spillover benefit derived from the other district’s resources is now moderated by the new 

interoperability level [𝐼0 +
𝑒𝐼𝑗+𝑒𝐼\𝑗

𝑒̅
]. When existing systems are already fully interoperable (i.e., 

𝐼0 = 1), the districts do not have any incentive to invest in additional interoperability effort (i.e., 

𝑒𝐼𝑗 = 0). When existing systems are not interoperable (i.e., 𝐼0 = 0), the districts’ decision 

problems reduce to the main model presented in the previous section. 

Under the unified approach, an individual district’s decision problem is: 

max 𝑆𝑈𝑗 (𝑔𝑈𝑗 , 𝑒𝑈𝑗) = 𝑚𝑗 [[1 − 𝜅][1 − 𝑓𝑈]𝑔𝑈𝑗 + 𝜅 [𝐼0 + 𝛽𝑈 [
𝑒𝑈𝑗 + 𝑒𝑈\𝑗

𝑒̅
]] 𝑔𝑈\𝑗] − 𝑝𝑔𝑈𝑗

2 − 𝛿𝑒𝑈𝑗
2  
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Subject to 0 ≤ 𝑒𝑈𝑗 ≤ 𝑒, 0 ≤ 𝑔𝑈𝑗 ≤ 𝑔, 0 ≤ 𝐼0 + 𝛽𝑈 [
𝑒𝑈𝑗+𝑒𝑈\𝑗

𝑒̅
] ≤ 1, where 𝑗 ∈ {1, 2}. 

As before, compared to the integrated approach, interoperability effort under the unified 

approach is less efficient, 𝛽𝑈 < 1. 

Under the federated approach, an individual district’s decision problem is: 

max 𝑆𝐹𝑗 (𝑔𝐹𝑗 , 𝑒𝐹𝑗) = 𝑚𝑗 [[1 − 𝜅]𝑔𝐹𝑗 + 𝜅 [𝐼0 + 𝛽𝐹
[
𝑒𝐹𝑗 + 𝑒𝐹\𝑗

𝑒̅
]] 𝑔𝐹\𝑗] − 𝑝𝑔𝐹𝑗

2 − 𝛿𝑒𝐹𝑗
2  

Subject to 0 ≤ 𝑒𝐹𝑗 ≤ 𝑒, 0 ≤ 𝑔𝐹𝑗 ≤ 𝑔, 0 ≤ 𝐼0 + 𝛽𝐹 [
𝑒𝐹𝑗+𝑒𝐹\𝑗

𝑒̅
] ≤ 1, where 𝑗 = 1, 2 

Similar to the unified approach, the interoperability effort under the federated approach is less 

efficient compared to the integrated approach, 𝛽𝐹 < 1, and the interoperability efficiency loss is 

more severe under the federated approach than under the unified approach, 𝛽𝐹 < 𝛽𝑈. 

Under each interoperability approach, the districts’ choices of resources and 

interoperability efforts are either interior or boundary solutions. Under interoperability approach 

𝑖 ∈ {𝐼, 𝑈, 𝐹}, the interior solution corresponds to 𝐼0 + 𝛽𝑖 [
𝑒𝑖1+𝑒𝑖2

𝑒̅
] < 1, while the boundary 

solution corresponds to 𝐼0 + 𝛽𝑖 [
𝑒𝑖1+𝑒𝑖2

𝑒̅
] = 1. Specifically, we find that under interoperability 

approach 𝑖, the interior solution is the equilibrium if 𝐼0 ≤ 1 −
3𝑚1𝑚2𝛽𝑖

2𝜅(1−𝜅)(1−𝑓𝑖)

2𝑒𝑝𝛿
; otherwise, the 

boundary solution is the equilibrium. Empirical evidence shows that existing DMSs suffer from 

low initial interoperability levels, i.e., 𝐼0 is low. Therefore, we focus on interior solutions. We 

summarize the impact of the initial interoperability level on equilibrium interoperability 

approaches in Proposition 6. 
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PROPOSITION 6 (Impact of initial interoperability level on equilibrium interoperability 

approaches): 

When the initial interoperability level 𝐼0 increases, both districts prefer a less centralized 

interoperability approach. However, the equilibrium interoperability approach remains 

qualitatively the same for all levels of 𝐼0. That is, all three interoperability approaches are still 

possible equilibria; the equilibrium is still determined by District 1’s preference. 

Regions of individual districts’ preferred interoperability approach are shown in Figure 2’ 

(revised Figure 2). Compared to Figure 2, the horizontal line moves down (whereby both 

districts prefer the unified approach over the integrated approach in a larger parameter space); 

the vertical line moves left (whereby both districts prefer the federated approach over the 

integrated approach in a larger parameter space); and the diagonal line moves up (whereby both 

districts prefer the federated approach over the unified approach in a larger parameter space). 

In the presence of 𝐼0, although the districts’ preferences for interoperability approaches 

shift towards a less centralized approach, the relative positions between the two districts' 

preferences remain the same, i.e., 𝛽̂𝑈1 < 𝛽̂𝑈2, 𝛽̂𝐹1 < 𝛽̂𝐹2, and 𝛽̂𝑈𝐹1 > 𝛽̂𝑈𝐹2. As a result, regions 

of the equilibrium interoperability approach remain qualitatively the same. As shown in Figure 

3’ (revised Figure 3), although the separating lines for equilibrium interoperability approach shift 

towards a less centralized approach, all three interoperability approaches are still possible 

equilibria and the equilibrium is still determined by District 1’s preference. 
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Figure 2’: Individual Districts’ Preferred 

Interoperability Approach 

Figure 3’: Equilibrium Interoperability Approach 

CONCLUSIONS 

This work introduces an important dimension – interoperability – to the problem of DMS 

provision. Although in DMS a given district values resources in the other district as well as 

resources in its own district, this value depends on the degree to which the resources are 

interoperable. We use the interoperability framework developed by Chen and his colleagues (D. 

Chen et al. 2008) to identify three interoperability approaches that in decreasing order of 

centralization are integrated, unified, and federated. These interoperability approaches differ in 

their interoperability efficiency and technology misfit costs. For each approach we model cross-

district interoperability of resources as a continuous feature such that efforts can be made to 

improve the interoperability among different districts' resources with a cost. A unique feature of 

our formulation is that the interoperability approach results from collective decision-making: a 
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more centralized approach is only obtained when districts all prefer the more centralized 

approach.  

We find that any approach can be an equilibrium depending on interoperability 

efficiency, where the lower the efficiency the more centralized the equilibrium approach, and 

that the equilibrium is determined by preferences of the district with lesser spillover benefits. In 

addition, any approach can be socially optimal again depending on interoperability efficiency, 

and where the socially optimal approach is not the equilibrium approach, the former is more 

centralized. We also find that the social planner can devise a transfer (subsidy and tax) that 

provides incentives for districts to choose the socially optimal approach, and this transfer 

maintains budget balance. When a tax is not politically or otherwise acceptable, then the social 

planner can provide subsidies to incent districts to choose the socially optimal approach. 

However, this is not always welfare-maximizing in that there are circumstances where the social 

gain is less than the necessary subsidies. Finally, we find that if there is an initial interoperability 

level that applies to spillovers of newly acquired resources from other districts, all our prior 

results hold although the equilibrium interoperability approach shifts towards a less centralized 

approach. 

Implications: Our findings shed light upon alternative interoperability approaches for DMS. Our 

analysis reveals that although an integrated approach has the advantage of higher interoperability 

efficiency, it also has a disadvantage in misfit costs. These tensions between interoperability of 

resources when there are inter-district spillovers and the fit of resources to local needs provides 

an opportunity for a social planner to design an incentive mechanism - for example, subsidies 

and taxes – to induce districts to prefer the socially optimal interoperability approach. 
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Although our model set-up is based on the provision of DMS, it is sufficiently general in 

many aspects that it could apply to other settings. The districts in our model are entities that 

make up parts of a larger whole – such as counties in a state, firms in supply chain systems, or 

organizations in alliances. The entities make investments in resources and interoperability effort 

independently. There are externalities that depend on both of these investments and the 

interoperability approach chosen collectively reflects a level of centralization. Examples in 

disaster management include police forces, fire brigades, search and rescue, and forest fire 

management. All have resources in local jurisdictions, all have agreements in some form to 

support neighboring jurisdictions, and all face challenges of coordination when sharing 

resources. 

Limitations and future research: Our mathematical formulation is a stylized model where we 

make several critical choices. Our assumptions capture the differences in valuation of resources 

between districts as a single-dimension whereas aggregating preferences over DMS resources in 

a population may be less unidimensional. We take interoperability efficiency and misfit costs 

each as unidimensional and independent of district, where in reality these may not reduce to a 

single dimension and may vary across districts. 

Our set-up also makes important functional form choices. These choices include 

quadratic costs, the additive nature of investments in interoperability effort, the same degree of 

spillovers between districts, and the linear form in which interoperability efficiency and misfit 

costs have their effects. These choices play a role in the tractability of our formulation, but we 

recognize that our results contribute to knowledge by showing what happens only when real 

circumstances conform fairly closely to our functional form choices. Future research could work 

towards generalizing the functional form choices such as different aggregations of 
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interoperability effort and allowing for asymmetric spillovers. Our formulation also contains 

only two districts, allowing us to examine specific features of their interactions. Including more 

than two districts makes the resulting algebra opaque, thus a more general formulation without 

specific functional forms may yield interesting results when there are more districts. 

An important implicit assumption in our modelling is that districts choose resources 

independently, and there is efficiency loss due to the lack of interoperability between these 

resources. As an alternative to subsidies or taxes based on the choice of interoperability 

approach, the social planner could consider incentives for matching resource types, thereby 

making interoperability effort more effective. Another important implicit assumption is that we 

start with a zero base – that is, we do not presume there are existing resources in the district 

which would affect choices of new resources and interoperability effort. Sensitivity to such 

initial conditions may be a fruitful avenue for future research. 

Finally, to implement our results in a practical context requires estimating our 

parameters. Cost parameters such as those for resources and interoperability effort are usually 

straightforward to obtain. Our interoperability efficiency parameters are relative to each other, as 

are our misfit cost parameters. These parameters may be best estimated through questionnaire 

and interviews of the principals in different districts using preference assessment methods. Our 

resource preference parameters relate to the value at risk from disasters in the districts. It is likely 

that as part of their responsibilities different jurisdictions have information about this based on 

their disaster and public safety planning. 
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APPENDIX 

Equilibrium Analysis in Stage 2 

Integrated Approach: Each district maximizes their individual surplus by choice of resources 

𝑔𝐼𝑗  and interoperability effort 𝑒𝐼𝑗: 

max
𝑔𝐼1 , 𝑒𝐼1  

𝑆𝐼1 = 𝑚1 [[1 − 𝜅][1 − 𝑓𝐼]𝑔𝐼1 + 𝜅 [
𝑒𝐼1+𝑒𝐼2

𝑒̅
] 𝑔𝐼2] − 𝑝𝑔𝐼1

2 − 𝛿𝑒𝐼1 
2  and 

max
𝑔𝐼2 , 𝑒𝐼2  

𝑆𝐼2 = 𝑚2 [[1 − 𝜅][1 − 𝑓𝐼]𝑔𝐼2 + 𝜅 [
𝑒𝐼1+𝑒𝐼2

𝑒̅
] 𝑔𝐼1] − 𝑝𝑔𝐼2

2 − 𝛿𝑒𝐼2
2 , 

subject to 𝑔𝐼𝑗 ∈ [0, 𝑔] and 𝑒𝐼𝑗 ∈ [0, 𝑒]. 

Jointly solving for individual districts’ optimal resources and interoperability effort, and 

assuming interior solutions to both, yields a Nash equilibrium: 

𝑔𝐼1 =
𝑚1[1 − 𝜅][1 − 𝑓𝐼]

2𝑝
, 𝑔𝐼2 =

𝑚2[1 − 𝜅][1 − 𝑓𝐼]

2𝑝
, 

𝑒𝐼1 = 𝑒𝐼2 =
𝑚1𝑚2𝜅[1 − 𝜅][1 − 𝑓𝐼]

4𝑝𝛿𝑒̅
. 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

𝑆𝐼1
𝑒𝑞𝑚 =

[1 − 𝑓𝐼]2𝑚1
2[1 − 𝜅]2[4𝑒̅2𝑝𝛿 + 3𝑚2

2𝜅2]

16𝑒̅2𝑝2𝛿
, 

𝑆𝐼2
𝑒𝑞𝑚 =

[1 − 𝑓𝐼]2𝑚2
2[1 − 𝜅]2[4𝑒̅2𝑝𝛿 + 3𝑚1

2𝜅2]

16𝑒̅2𝑝2𝛿
, 

𝑆𝐼
𝑒𝑞𝑚

= 𝑆𝐼1
𝑒𝑞𝑚

+ 𝑆𝐼2
𝑒𝑞𝑚

=
[1 − 𝑓𝐼]2[1 − 𝜅]2[2𝑒̅2[𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2𝜅2]

8𝑒̅2𝑝2𝛿
. 

 

Unified Approach: Each district maximizes their individual surplus by choice of resources 

𝑔𝑈𝑗 and interoperability effort 𝑒𝑈𝑗: 
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max
𝑔𝑈1, 𝑒𝑈1 

𝑆𝑈1 = 𝑚1 [[1 − 𝜅][1 − 𝑓𝑈]𝑔𝑈1 + 𝜅𝛽𝑈 [
𝑒𝑈1+𝑒𝑈2

𝑒̅
] 𝑔𝑈2] − 𝑝𝑔𝑈1

2 − 𝛿𝑒𝑈1
2  and 

max
𝑔𝑈2, 𝑒𝑈2 

𝑆𝑈2 = 𝑚2 [[1 − 𝜅][1 − 𝑓𝑈]𝑔𝑈2 + 𝜅𝛽𝑈 [
𝑒𝑈1+𝑒𝑈2

𝑒̅
] 𝑔𝑈1] − 𝑝𝑔𝑈2

2 − 𝛿𝑒𝑈2
2 , 

subject to 𝑔𝑈𝑗 ∈ [0, 𝑔] and 𝑒𝑈𝑗 ∈ [0, 𝑒]. 

Jointly solving for individual districts’ optimal resources and interoperability effort, and 

assuming interior solutions to both, yields a Nash equilibrium 

𝑔𝑈1 =
𝑚1[1 − 𝜅][1 − 𝑓𝑈]

2𝑝
, 𝑔𝑈2 =

𝑚2[1 − 𝜅][1 − 𝑓𝑈]

2𝑝
, 

𝑒𝑈1 = 𝑒𝑈2 =
𝑚1𝑚2𝛽𝑈𝜅[1 − 𝜅][1 − 𝑓𝑈]

4𝑝𝛿𝑒̅
. 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

𝑆𝑈1
𝑒𝑞𝑚 =

𝑚1
2[1 − 𝜅]2[1 − 𝑓𝑈]2[3𝑚2

2𝛽𝑈
2𝜅2 + 4𝑝𝛿𝑒̅2]

16𝑝2𝛿𝑒̅2
, 

𝑆𝑈2
𝑒𝑞𝑚 =

𝑚2
2[1 − 𝜅]2[1 − 𝑓𝑈]2[3𝑚1

2𝛽𝑈
2𝜅2 + 4𝑝𝛿𝑒̅2]

16𝑝2𝛿𝑒̅2
, 

𝑆𝑈
𝑒𝑞𝑚 = 𝑆𝑈1

𝑒𝑞𝑚 + 𝑆𝑈2
𝑒𝑞𝑚 =

[1 − 𝑓𝑈]2[1 − 𝜅]2[2𝑒̅2[𝑚1
2 + 𝑚2

2]𝑝𝛿 + 3𝑚1
2𝑚2

2𝛽𝑈
2𝜅2]

8𝑝2𝛿𝑒̅2
. 

 

Federated Approach: Each district maximizes their individual surplus by choice of resources 

𝑔𝐹𝑗  and interoperability effort 𝑒𝐹𝑗 

max
𝑔𝐹1 , 𝑒𝐹1  

𝑆𝐹1 = 𝑚1 [[1 − 𝜅]𝑔𝐹1 + 𝜅𝛽𝐹 [
𝑒𝐹1+𝑒𝐹2

𝑒̅
] 𝑔𝐹2] − 𝑝𝑔𝐹1

2 − 𝛿𝑒𝐹1
2  and 

max
𝑔𝐹2 , 𝑒𝐹2  

𝑆𝐹2 = 𝑚2 [[1 − 𝜅]𝑔𝐹2 + 𝜅𝛽𝐹 [
𝑒𝐹1+𝑒𝐹2

𝑒̅
] 𝑔𝐹1] − 𝑝𝑔𝐹2

2 − 𝛿𝑒𝐹2
2 , 

subject to 𝑔𝐹𝑗 ∈ [0, 𝑔] and 𝑒𝐹𝑗 ∈ [0, 𝑒]. 
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Jointly solving for individual districts’ optimal resources and interoperability effort, and 

assuming interior solutions to both, yields a Nash equilibrium 

𝑔𝐹1 =
[1 − 𝜅]𝑚1

2𝑝
,  𝑔𝐹2 =

[1 − 𝜅]𝑚2

2𝑝
, 

𝑒𝐹1 = 𝑒𝐹2 =
𝜅𝛽𝐹[1 − 𝜅]𝑚1𝑚2

4𝑒̅𝑝𝛿
. 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

𝑆𝐹1
𝑒𝑞𝑚 =

𝑚1
2[1 − 𝜅]2[4𝑒̅2𝑝𝛿 + 3𝑚2

2𝛽𝐹
2𝜅2]

16𝑒̅2𝑝2𝛿
, 

𝑆𝐹2
𝑒𝑞𝑚 =

𝑚2
2[1 − 𝜅]2[4𝑒̅2𝑝𝛿 + 3𝑚1

2𝛽𝐹
2𝜅2]

16𝑒̅2𝑝2𝛿
, 

𝑆𝐹
𝑒𝑞𝑚 = 𝑆𝐹1

𝑒𝑞𝑚 + 𝑆𝐹2
𝑒𝑞𝑚 =

[1 − 𝜅]2[2𝑒̅2[𝑚1
2 + 𝑚2

2]𝑝𝛿 + 3𝑚1
2𝑚2

2𝛽𝐹
2𝜅2]

8𝑒̅2𝑝2𝛿
. 

 

Equilibrium Analysis in Stage 1 

There are 9 cases: 

Case 1: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 
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Case 2: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 3: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 4: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 5: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 
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Case 6: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 7: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 8: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 

𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Case 9: 

 
District 2 

𝑡2 = 𝐼 𝑡2 = 𝑈 𝑡2 = 𝐹 

District 1 
𝑡1 = 𝐼 I (𝑆𝐼1, 𝑆𝐼2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 

𝑡1 = 𝑈 U (𝑆𝑈1, 𝑆𝑈2) U (𝑆𝑈1, 𝑆𝑈2) F (𝑆𝐹1, 𝑆𝐹2) 
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𝑡1 = 𝐹 F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) F (𝑆𝐹1, 𝑆𝐹2) 

 

Proof of Lemma 1 

For District 1: If [𝛽𝑈]2 < 𝛽̂𝑈1 and  [𝛽𝐹]2 < 𝛽̂𝐹1, then this corresponds to the regions defined in 

Cases 1, 2, & 3 as shown in Figure 1. Under all three cases, the Integrated approach is preferred 

by District 1 as it provides higher surplus than the other two approaches, hence the Pareto 

efficient interoperability approach is Integrated. If [𝛽𝑈]2 ≥ 𝑚𝑎𝑥{𝛽̂𝑈1, 𝛽̂𝑈𝐹1}, then this 

corresponds to the regions defined in Cases 4 & 5 as shown in Figure 1. Under both cases, the 

Unified approach provides higher surplus than the other two approaches, hence the Pareto 

efficient interoperability approach is Unified. If [𝛽𝑈]2 < 𝛽̂𝑈𝐹1 and [𝛽𝐹]2 ≥ 𝛽̂𝐹1, then this 

corresponds to the regions defined in Cases 6, 7, 8, & 9 as shown in Figure 1. Under all four 

cases, the Federated approach provides higher surplus than the other two approaches, hence the 

Pareto efficient interoperability approach is Federated. 

For District 2: Similarly, if [𝛽𝑈]2 < 𝛽̂𝑈2 and [𝛽𝐹]2 < 𝛽̂𝐹2, then this corresponds to the 

regions defined in Cases 1, 2, 3, 4, 7, & 8 as shown in Figure 1. Under all six cases, the 

Integrated approach provides higher surplus than the other two approaches, hence the Pareto 

efficient interoperability approach is Integrated. If [𝛽𝑈]2 ≥ 𝑚𝑎𝑥{𝛽̂𝑈2, 𝛽̂𝑈𝐹2}, then this 

corresponds to the regions defined in Cases 5 & 6 as shown in Figure 1. Under both cases, the 

Unified approach provides higher surplus than the other two approaches, hence the Pareto 

efficient interoperability approach is Unified. If [𝛽𝑈]2 < 𝛽̂𝑈𝐹2 and [𝛽𝐹]2 ≥ 𝛽̂𝐹2, then this 

corresponds to the regions defined in Case 9 as shown in Figure 1. Under Case 9, the Federated 
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approach provides higher surplus than the other two approaches, hence the Pareto efficient 

interoperability approach is Federated. 

Lemma 1 is obtained by combing the above results for both Districts. 

Proof of Lemma 2 

Lemma 2 is derived based on the definition of the equilibrium interoperability approach, which 

is determined by individual districts’ preferences. The Integrated approach is the equilibrium if 

and only if both districts prefer the Integrated approach. The Unified approach is the equilibrium 

if both districts prefer the Unified approach or one district prefers Unified but the other prefers 

Integrated. The Federated approach is the equilibrium if either district prefers the Federated 

approach. 

Proof of Proposition 1 

The threshold values are given below:  

𝛽̂𝑈1 =
[1 − 𝑓𝐼]2

[1 − 𝑓𝑈]2
−

4𝑒̅2𝑝𝛿[𝑓𝐼 − 𝑓𝑈][2 − 𝑓𝐼 − 𝑓𝑈]

3[1 − 𝑓𝑈]2𝑚2
2𝜅2

, 

𝛽̂𝐹1 = 1 −
1

3
[2 − 𝑓𝐼]𝑓𝐼 [3 +

4𝑒̅2𝑝𝛿

𝑚2
2𝜅2

], 

𝛽̂𝑈𝐹1 =
1

[1 − 𝑓𝑈]2
𝛽̂𝐹1 +

4𝑒̅2𝑝𝛿[2 − 𝑓𝑈]𝑓𝑈

3[1 − 𝑓𝑈]2𝑚2
2𝜅2

, 

𝛽̂𝑈2 =
[1 − 𝑓𝐼]2

[1 − 𝑓𝑈]2
−

4𝑒̅2𝑝𝛿[𝑓𝐼 − 𝑓𝑈][2 − 𝑓𝐼 − 𝑓𝑈]

3[1 − 𝑓𝑈]2𝑚1
2𝜅2

, 

𝛽̂𝐹2 = 1 −
1

3
[2 − 𝑓𝐼]𝑓𝐼 [3 +

4𝑒̅2𝑝𝛿

𝑚1
2𝜅2

], 

𝛽̂𝑈𝐹2 =
1

[1 − 𝑓𝑈]2
𝛽̂𝐹2 +

4𝑒̅2𝑝𝛿[2 − 𝑓𝑈]𝑓𝑈

3[1 − 𝑓𝑈]2𝑚1
2𝜅2

. 
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Comparing the values of the thresholds, we find: 

𝛽̂𝑈1 < 𝛽̂𝑈2, 𝛽̂𝐹1 < 𝛽̂𝐹2 and  𝛽̂𝑈𝐹1 > 𝛽̂𝑈𝐹2. (As 𝑚1 > 𝑚2) 

If [𝛽𝑈]2 < 𝛽̂𝑈1 & [𝛽𝑈]2 < 𝛽̂𝐹1, then both Districts prefer the Integrated approach and Integrated 

is the equilibrium. 

If  [𝛽𝑈]2 > 𝛽̂𝑈1 & [𝛽𝑈]2 > 𝛽̂𝑈𝐹1, then District 1 prefers the Unified approach, District 2 prefers 

either the Integrated (i.e.,𝛽̂𝑈1 < [𝛽𝑈]2 < 𝛽̂𝑈2)  or Unified approach (i.e., [𝛽𝑈]2 > 𝛽̂𝑈2). By 

definition Unified is the equilibrium. 

If [𝛽𝑈]2 > 𝛽̂𝐹1 & [𝛽𝑈]2 < 𝛽̂𝑈𝐹1,  then District 1 prefers the Federated approach. By definition 

Federated is the equilibrium. 

Based on the above, the Pareto efficient equilibrium is determined by District 1’s preferences 

only. Hence  𝛽̂𝑈
𝐸𝑞𝑚 = 𝛽̂𝑈1, 𝛽̂𝐹

𝐸𝑞𝑚 =  𝛽̂𝐹1, and 𝛽̂𝑈𝐹
𝐸𝑞𝑚 = 𝛽̂𝑈𝐹1. 

Proof of Corollary 1  

Comparative statics of 𝑓𝐼 and 𝑓𝑈: 

𝜕𝛽̂𝑈
𝐸𝑞𝑚

𝜕𝑓𝐼
= − 

2[1 − 𝑓𝐼][4𝑒̅2𝑝𝛿 + 3𝑚2
2𝜅2]

3[1 − 𝑓𝑈]2𝑚2
2𝜅2

< 0, 

𝜕𝛽̂𝑈
𝐸𝑞𝑚

𝜕𝑓𝑈
=  

2[1 − 𝑓𝐼]2[4𝑒̅2𝑝𝛿 + 3𝑚2
2𝜅2]

3[1 − 𝑓𝑈]3𝑚2
2𝜅2

> 0, 

𝜕𝛽̂𝐹
𝐸𝑞𝑚

𝜕𝑓𝐼
= −

2

3
[1 − 𝑓𝐼] [3 +

4𝑒̅2𝑝𝛿

𝑚2
2𝜅2

] < 0, 

𝜕𝛽̂𝐹
𝐸𝑞𝑚

𝜕𝑓𝑈
= 0, 

𝜕𝛽̂𝑈𝐹
𝐸𝑞𝑚

𝜕𝑓𝐼
= 0. 
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The slope of 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 is 
1

[1−𝑓𝑈]2 , which increases with the increase of 𝑓𝑈.  

The intercept of 𝛽̂𝑈𝐹
𝐸𝑞𝑚

 is 
4𝑒̅2𝑝𝛿[2−𝑓𝑈]𝑓𝑈

3[1−𝑓𝑈]2𝑚2
2𝜅2 and 

𝜕
4𝑒̅2𝑝𝛿[2−𝑓𝑈]𝑓𝑈

3[1−𝑓𝑈]
2

𝑚2
2𝜅2

𝜕𝑓𝑈
=

8𝑒̅2𝑝𝛿

3[1−𝑓𝑈]3𝑚2
2𝜅2 > 0. 

Based on the signs of the comparative statics above, we obtain results about the impact of 𝑓𝐼 and 

𝑓𝑈 as reported in Corollary 1(i).   

Comparative statics of  𝜅:  

𝜕𝛽̂𝑈
𝐸𝑞𝑚

𝜕𝜅
=  

8𝑒̅2𝑝𝛿[2 − 𝑓𝐼 − 𝑓𝑈]

3[1 − 𝑓𝑈]2𝑚2
2𝜅3

> 0, 

𝜕𝛽̂𝐹
𝐸𝑞𝑚

𝜕𝜅
=  

8𝑒̅2𝑝𝛿[2 − 𝑓𝐼]

3𝑚2
2𝜅3

> 0, 

𝜕𝛽̂𝑈𝐹
𝐸𝑞𝑚

𝜕𝜅
= − 

8𝑒̅2𝑝𝛿[2 − 𝑓𝑈]𝑓𝑈

3[1 − 𝑓𝑈]2𝑚2
2𝜅3

< 0. 

Based on the signs of the comparative statics above, we obtain results about the impact of 𝜅 as 

reported in Corollary 1(ii).   

Proof of Lemma 3 

The socially optimal interoperability approach is obtained by comparing social welfare across the 

three approaches. The social welfare of each interoperability approach is given below:  

Integrated Approach: 

SW𝐼 = 𝑆𝐼1 + 𝑆𝐼2 =
[1 − 𝑓𝐼]2[1 − 𝜅]2[2𝑒̅2[𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2𝜅2]

8𝑒̅2𝑝2𝛿
. 

Unified Approach: 

SW𝑈 = 𝑆𝑈1 + 𝑆𝑈2 =
[1 − 𝑓𝑈]2[1 − 𝜅]2[2𝑒̅2[𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2𝛽𝑈

2𝜅2]

8𝑒̅2𝑝2𝛿
 . 

Federated Approach: 
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SW𝐹 = 𝑆𝐹1 + 𝑆𝐹2 =
[1 − 𝜅]2[2𝑒̅2[𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2𝛽𝐹

2𝜅2]

8𝑒̅2𝑝2𝛿
 . 

𝛽̂𝑈
𝑆𝑊 is obtained by comparing SW𝐼 and SW𝑈 (i.e., solve for [𝛽𝑈]2 such that SW𝐼 = SW𝑈): 

𝛽̂𝑈
𝑆𝑊 =

3[1 − 𝑓𝐼]2 +
2𝑒̅2[𝑓𝐼 − 𝑓𝑈][𝑓𝐼 + 𝑓𝑈 − 2][𝑚1

2 + 𝑚2
2]𝑝𝛿

𝑚1
2𝑚2

2𝜅2

3[1 − 𝑓𝑈]2
. 

𝛽̂𝐹
𝑆𝑊is obtained by comparing SW𝐼 and SW𝐹 (i.e., solve for [𝛽𝐹]2 such that SW𝐼 = SW𝐹): 

𝛽̂𝐹
𝑆𝑊 = 1 −

1

3
[2 − 𝑓𝐼]𝑓𝐼 [3 +

2𝑒̅2[𝑚1
2 + 𝑚2

2]𝑝𝛿

𝑚1
2𝑚2

2𝜅2
]. 

𝛽̂𝑈𝐹
𝑆𝑊is obtained by comparing SW𝑈 and SW𝐹 (i.e., solve for [𝛽𝑈]2 such that SW𝑈 = SW𝐹): 

𝛽̂𝑈𝐹
𝑆𝑊 =

3𝛽𝐹
2 +

2𝑒̅2[2 − 𝑓𝑈]𝑓𝑈[𝑚1
2 + 𝑚2

2]𝑝𝛿
𝑚1

2𝑚2
2𝜅2

3[1 − 𝑓𝑈]2
. 

If  [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝑊 and [𝛽𝐹]2 < 𝛽̂𝐹

𝑆𝑊, then SW𝐼 >  SW𝑈 and SW𝐼 > SW𝐹, indicating that the 

socially optimal approach is Integrated. 

If [𝛽𝑈]2 ≥ max{𝛽̂𝑈
𝑆𝑊, 𝛽̂𝑈𝐹

𝑆𝑊}, then SW𝐼 <  SW𝑈 and SW𝐹 < SW𝑈, indicating that the socially 

optimal approach is Unified. 

If [𝛽𝑈]2 < 𝛽̂𝑈𝐹
𝑆𝑊 and [𝛽𝐹]2 ≥ 𝛽̂𝐹

𝑆𝑊, then SW𝑈 <  SW𝐹 and SW𝐼 < SW𝐹, indicating that the 

socially optimal approach is Federated. 

Proof of Proposition 2 

The results are obtained by comparing 𝛽̂𝑈
𝑆𝑊 with 𝛽̂𝑈

𝐸𝑞𝑚
, 𝛽̂𝐹

𝑆𝑊 with 𝛽̂𝐹
𝐸𝑞𝑚

, and 𝛽̂𝑈𝐹
𝑆𝑊 with 𝛽̂𝑈𝐹

𝐸𝑞𝑚
. 

𝛽̂𝑈
𝐸𝑞𝑚 =

3[1 − 𝑓𝐼]2 +
4𝑒̅2[𝑓𝐼 − 𝑓𝑈][𝑓𝐼 + 𝑓𝑈 − 2]𝑝𝛿

𝑚2
2𝜅2

3[1 − 𝑓𝑈]2
, 

𝛽̂𝐹
𝐸𝑞𝑚 = 1 −

1

3
[2 − 𝑓𝐼]𝑓𝐼 [3 +

4𝑒̅2𝑝𝛿

𝑚2
2𝜅2

], 
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𝛽̂𝑈𝐹
𝐸𝑞𝑚 =

3𝛽𝐹
2 +

2𝑒̅2[2 − 𝑓𝑈]𝑓𝑈[𝑚1
2 + 𝑚2

2]𝑝𝛿
𝑚1

2𝑚2
2𝜅2

3[1 − 𝑓𝑈]2
. 

Comparing the socially optimal thresholds with equilibrium thresholds we obtain: 

𝛽̂𝑈
𝑆𝑊 − 𝛽̂𝑈

𝐸𝑞𝑚 =
2𝑒̅2[𝑓𝐼 − 𝑓𝑈][2 − 𝑓𝐼 − 𝑓𝑈][𝑚1

2 − 𝑚2
2]𝑝𝛿

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
> 0, 

𝛽̂𝐹
𝑆𝑊 − 𝛽̂𝐹

𝐸𝑞𝑚 =
2𝑒̅2[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2]𝑝𝛿

3𝑚1
2𝑚2

2𝜅2
> 0, 

𝛽̂𝑈𝐹
𝑆𝑊 − 𝛽̂𝑈𝐹

𝐸𝑞𝑚
= −

2𝑒̅2[2 − 𝑓𝑈]𝑓𝑈[𝑚1
2 − 𝑚2

2]𝑝𝛿

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
< 0. 

From the above, we obtain 𝛽̂𝑈
𝑆𝑊 > 𝛽̂𝑈

𝐸𝑞𝑚
, 𝛽̂𝐹

𝑆𝑊 > 𝛽̂𝐹
𝐸𝑞𝑚

, and 𝛽̂𝑈𝐹
𝑆𝑊 < 𝛽̂𝑈𝐹

𝐸𝑞𝑚
. 

Proof of Corollary 2  

Comparative statics of 𝑓𝐼 and 𝑓𝑈 on the socially optimal interoperability approaches: 

𝜕𝛽̂𝑈
𝑆𝑊

𝜕𝑓𝐼
= − 

2[1 − 𝑓𝐼][2𝑒̅2𝑝𝛿[𝑚1
2 + 𝑚2

2] + 3𝑚1
2𝑚2

2𝜅2]

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
< 0, 

𝜕𝛽̂𝑈
𝑆𝑊

𝜕𝑓𝑈
=  

2[1 − 𝑓𝐼]2[2𝑒̅2𝑝𝛿[𝑚1
2 + 𝑚2

2] + 3𝑚1
2𝑚2

2𝜅2]

3[1 − 𝑓𝑈]3𝑚1
2𝑚2

2𝜅2
> 0, 

𝜕𝛽̂𝐹
𝑆𝑊

𝜕𝑓𝐼
= −

2

3
[1 − 𝑓𝐼] [3 +

2𝑒̅2𝑝𝛿[𝑚1
2 + 𝑚2

2]

𝑚1
2𝑚2

2𝜅2
] < 0, 

𝜕𝛽̂𝐹
𝑆𝑊

𝜕𝑓𝑈
= 0, 

𝜕𝛽̂𝑈𝐹
𝑆𝑊

𝜕𝑓𝐼
= 0. 

The slope of 𝛽̂𝑈𝐹
𝑆𝑊 is 

1

[1−𝑓𝑈]2 , which increases with the increase of 𝑓𝑈.  

The intercept of 𝛽̂𝑈𝐹
𝑆𝑊 is 

2𝑒̅2𝑝𝛿𝑓𝑈[2−𝑓𝑈][𝑚1
2+𝑚2

2]

3[1−𝑓𝑈]2𝑚1
2𝑚2

2𝜅2  and 
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𝜕
2𝑒̅2𝑝𝛿𝑓𝑈[2 − 𝑓𝑈][𝑚1

2 + 𝑚2
2]

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2

𝜕𝑓𝑈
=

4𝑒̅2𝑝𝛿[𝑚1
2 + 𝑚2

2]

3[1 − 𝑓𝑈]3𝑚1
2𝑚2

2𝜅2
> 0. 

Based on the signs of the comparative statics above, we obtain the results about the impact of 𝑓𝐼 

and 𝑓𝑈 as reported in Corollary 2(i). 

Comparative statics of  𝜅 on the socially optimal interoperability approaches:  

𝜕𝛽̂𝑈
𝑆𝑊

𝜕𝜅
=  

4𝑒̅2𝑝𝛿[𝑓𝐼 − 𝑓𝑈][2 − 𝑓𝐼 − 𝑓𝑈][𝑚1
2 + 𝑚2

2]

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅3
> 0, 

𝜕𝛽̂𝐹
𝑆𝑊

𝜕𝜅
=  

4𝑒̅2𝑝𝛿𝑓𝐼[2 − 𝑓𝐼][𝑚1
2 + 𝑚2

2]

3𝑚1
2𝑚2

2𝜅3
> 0, 

𝜕𝛽̂𝑈𝐹
𝑆𝑊

𝜕𝜅
= − 

4𝑒̅2𝑝𝛿𝑓𝑈[2 − 𝑓𝑈][𝑚1
2 + 𝑚2

2]

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅3
< 0. 

Based on the signs of the comparative statics above, we obtain the results about the impact of 𝜅 

as reported in Corollary 2(ii). 

Proof of Lemma 4 

A social planner should find the optimal incentive mechanism that achieves social optimum 

while minimizing the total administrative effort under the federated approach. That is: 

min
𝑥𝑖𝑗

[|𝑥𝐹1| + |𝑥𝐹2|]. 

The incentive mechanism must satisfy the following conditions: 

𝑥𝐼1 − 𝑥𝐹1 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 

𝑥𝑈1 − 𝑥𝐹1 =
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 

𝑥𝐼2 − 𝑥𝐹2 = −
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 
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𝑥𝑈2 − 𝑥𝐹2 = −
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
. 

When both tax and subsidy are available to a social planner, a district shall receive no tax as a 

penalty nor subsidy as an incentive if they choose the Federated approach (i.e., 𝑥𝐹1 = 𝑥𝐹2 = 0). 

This way the social planner avoids its involvement as much as possible. As for any non-zero 

tax/subsidy, a social planner must rely on extra funds or incur extra expenses to induce the social 

optimum, which is not desirable. Given that 𝑥𝐹1 = 𝑥𝐹2 = 0, we solve for the amount of 

tax/subsidy given to each district. 

𝑥𝐼1 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
> 0, 

𝑥𝑈1 =
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
> 0, 

𝑥𝐼2 = −𝑥𝐼1 = −
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
< 0, 

𝑥𝑈2 = −𝑥𝑈1

[2 − 𝑓𝑈]𝑓𝑈[𝑚1
2 − 𝑚2

2][1 − 𝜅]2

8𝑝
< 0. 

Proof of Proposition 3 

Based on the results in Lemma 4, we have: 

𝑥𝐼1 + 𝑥𝐼2 =  
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
−

[2 − 𝑓𝐼]𝑓𝐼[𝑚1
2 − 𝑚2

2][1 − 𝜅]2

8𝑝
= 0, 

𝑥𝑈1 + 𝑥𝑈2 =
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
−

[2 − 𝑓𝑈]𝑓𝑈[𝑚1
2 − 𝑚2

2][1 − 𝜅]2

8𝑝
= 0. 

𝑥𝐹1 + 𝑥𝐹2 = 0 + 0 = 0 

Because 1 > 𝑓𝐼 > 𝑓𝑈 > 0,  simple algebra indicates [2 − 𝑓𝐼]𝑓𝐼 > [2 − 𝑓𝑈]𝑓𝑈 , hence we have 

𝑥𝐼1 > 𝑥𝑈1 > 𝑥𝐹1 = 0 and 𝑥𝐼2 < 𝑥𝑈2 < 𝑥𝐹2 = 0. 
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Proof of Lemma 5 

To induce the social optimum, the incentive mechanism must satisfy the same conditions as 

shown in the proof of Lemma 4. When a subsidy is the only available incentive mechanism, a 

social planner should find the optimal incentive mechanism that achieves social optimum while 

minimizing the total incentives provided to both districts under all three approaches. That is: 

min
𝑥𝑖𝑗

[𝑥𝐼1 + 𝑥𝐼2 + 𝑥𝑈1 + 𝑥𝑈2 + 𝑥𝐹1 + 𝑥𝐹2] 

   Subject to: 

𝑥𝐼1 − 𝑥𝐹1 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
 

𝑥𝑈1 − 𝑥𝐹1 =
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
 

𝑥𝐼2 − 𝑥𝐹2 = −
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
 

𝑥𝑈2 − 𝑥𝐹2 = −
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
 

𝑥𝐼1,  𝑥𝐼2, 𝑥𝑈1,  𝑥𝑈2, 𝑥𝐹1, 𝑥𝐹2 ≥ 0. 

Solving the above minimization problem leads to the solutions we reported in Lemma 5: 

𝑥𝐼1 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 

𝑥𝐼2 = 0, 

𝑥𝑈1 =
[2 − 𝑓𝑈]𝑓𝑈[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 

𝑥𝑈2 =
[[2 − 𝑓𝐼]𝑓𝐼 − [2 − 𝑓𝑈]𝑓𝑈][𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
, 

𝑥𝐹1 = 0, 
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𝑥𝐹2 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
. 

Proof of Proposition 4 

(i) is obtained based on the results we obtained in Lemma 5: i.e.,  𝑥𝐼1 > 0 , 𝑥𝑈1 > 0 ,  𝑥𝐹1 = 0,  

and 𝑥𝐹2 > 0, 𝑥𝑈2 > 0 , 𝑥𝐼2 = 0. 

(ii) is obtained based on the following: 

𝑥𝐼1 + 𝑥𝐼2 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
> 0, 

𝑥𝑈1 + 𝑥𝑈2 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
> 0, 

𝑥𝐹1 + 𝑥𝐹2 =
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
> 0. 

And hence 𝑥𝐼1 + 𝑥𝐼2 = 𝑥𝑈1 + 𝑥𝑈2 = 𝑥𝐹1 + 𝑥𝐹2 > 0. 

(iii) Given that 0 < 𝑓𝑈 < 𝑓𝐼 < 1 , simple calculation indicates  𝑥𝐼1 >  𝑥𝑈1 >  𝑥𝐹1 = 0  and 𝑥𝐹2 >

 𝑥𝑈2 > 𝑥𝐼2 = 0. 

Proof of Lemma 6 and Proposition 5 

Total subsidy needed for each approach to induce social optimum is given by: 

𝑥𝐼1 + 𝑥𝐼2 = 𝑥𝑈1 + 𝑥𝑈2 = 𝑥𝐹1 + 𝑥𝐹2 =  
[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2][1 − 𝜅]2

8𝑝
. 

We compare this amount to the social gain and see if a subsidy can be justified. 

Case 1: When the social optimum is Integrated, but the equilibrium is Unified (the horizontally 

shaded area in Figure 4), the social gain is given by: 
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𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝑈(𝑥𝑈1, 𝑥𝑈2)

=
[1 − 𝜅]2[2𝑒̅2[𝑓𝐼 − 𝑓𝑈][𝑓𝐼 + 𝑓𝑈 − 2][𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2[[1 − 𝑓𝐼]2 − [1 − 𝑓𝑈]2𝛽𝑈

2]𝜅2]

8𝑒̅2𝑝2𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by 

comparing the social gain with the total subsidy: 

𝛽̂𝑈
𝑆𝐺 =

3[1 − 𝑓𝐼]2 +
𝑒̅2𝑝𝛿 [[3[𝑓𝐼 − 2]𝑓𝐼 − 2[𝑓𝑈 − 2]𝑓𝑈]𝑚1

2 + [[𝑓𝐼 − 2]𝑓𝐼 − 2[𝑓𝑈 − 2]𝑓𝑈]𝑚2
2]

𝑚1
2𝑚2

2𝜅2

3[1 − 𝑓𝑈]2
, 

𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝑈(𝑥𝑈1, 𝑥𝑈2) > 𝑥𝐼1 + 𝑥𝐼2 if [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝐺  

To show that the social gain is enough to cover the total subsidy, we need to show [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝐺  

of all valid values of [𝛽𝑈]2 within the horizontally shaded area of Figure 4. The necessary and 

sufficient condition for [𝛽𝑈]2 < 𝛽̂𝑈
𝑆𝐺  is to show that 𝛽̂𝑈

𝑆𝐺 > 𝛽̂𝑈
𝑆𝑊: 

𝛽̂𝑈
𝑆𝐺 − 𝛽̂𝑈

𝑆𝑊 = −
𝑒̅2[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2]𝑝𝛿

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
< 0. 

This indicates that the social gain cannot justify the total subsidy for all valid values of [𝛽𝑈]2. To 

see if the social gain is enough to justify a portion of the horizontally shaded area in Figure 4, we 

then compare 𝛽̂𝑈
𝑆𝐺  with 𝛽̂𝑈

𝐸𝑞𝑚
: 

𝛽̂𝑈
𝑆𝐺 − 𝛽̂𝑈

𝐸𝑞𝑚 =
𝑒̅2[[2 − 𝑓𝐼]𝑓𝐼 − 2[2−𝑓𝑈]𝑓𝑈][𝑚1

2 − 𝑚2
2]𝑝𝛿

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
 

𝛽̂𝑈
𝑆𝐺 − 𝛽̂𝑈

𝐸𝑞𝑚 ≥ 0 if [2 − 𝑓𝐼]𝑓𝐼 − 2[2−𝑓𝑈]𝑓𝑈 ≥ 0, otherwise  𝛽̂𝑈
𝑆𝐺 − 𝛽̂𝑈

𝐸𝑞𝑚 < 0. 

If 
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
≥ 2, then 𝛽̂𝑈

𝐸𝑞𝑚 < 𝛽̂𝑈
𝑆𝐺 < 𝛽̂𝑈

𝑆𝑊, this in turn indicates that within the horizontally 

shaded region, total subsidy can be justified by social gain if 𝛽̂𝑈
𝐸𝑞𝑚 < [𝛽𝑈]2 < 𝛽̂𝑈

𝑆𝐺 . Otherwise, 

total subsidy cannot be justified by social gain. 



71 

Case 2: When social optimum is Integrated, but the equilibrium is Federated (the vertically 

shaded area in Figure 4), the social gain is given by: 

𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2) =
[1 − 𝜅]2[2𝑒̅2[𝑓𝐼 − 2][𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2[[1 − 𝑓𝐼]2 − 𝛽𝐹

2]𝜅2]

8𝑒̅2𝑝2𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by 

comparing the social gain with the total subsidy: 

𝛽̂𝐹
𝑆𝐺 = 1 −

1

3
[2 − 𝑓𝐼]𝑓𝐼 [3 +

𝑒̅2[3𝑚1
2 + 𝑚2

2]𝑝𝛿

𝑚1
2𝑚2

2𝜅2
] 

𝑆𝐼(𝑥𝐼1, 𝑥𝐼2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2) >  𝑥𝐹1 + 𝑥𝐹2 if [𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝐺. 

To show that the social gain is enough to cover the total subsidy, we need to show [𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝐺 

for all valid values of [𝛽𝐹]2 within the vertically shaded area of Figure 4. The necessary and 

sufficient condition for [𝛽𝐹]2 < 𝛽̂𝐹
𝑆𝐺  is to show that 𝛽̂𝐹

𝑆𝐺 > 𝛽̂𝐹
𝑆𝑊: 

𝛽̂𝐹
𝑆𝐺 − 𝛽̂𝐹

𝑆𝑊 = −
𝑒̅2[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2]𝑝𝛿

3𝑚1
2𝑚2

2𝜅2
< 0. 

This indicates that the social gain cannot justify the total subsidy for all values of [𝛽𝐹]2. To see if 

the social gain is enough to justify a portion of the vertically shaded area in Figure 4, we then 

compare 𝛽̂𝐹
𝑆𝐺 with 𝛽̂𝐹

𝐸𝑞𝑚
: 

𝛽̂𝐹
𝑆𝐺 − 𝛽̂𝐹

𝐸𝑞𝑚 =
𝑒̅2[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2]𝑝𝛿

3𝑚1
2𝑚2

2𝜅2
> 0. 

The above results suggest 𝛽̂𝐹
𝐸𝑞𝑚

< 𝛽̂𝐹
𝑆𝐺 < 𝛽̂𝐹

𝑆𝑊  is always true.  As a result, if  𝛽̂𝐹
𝐸𝑞𝑚

<  [𝛽𝐹]2 <

𝛽̂𝐹
𝑆𝐺, then the social gain is sufficient to cover the total subsidy, otherwise the social gain is not 

sufficient to cover the total subsidy. 

Case 3: When social optimum is Unified, but the equilibrium is Federated (the diagonally shaded 

area in Figure 4), the social gain is given by: 
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𝑆𝑈(𝑥𝑈1, 𝑥𝑈2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2)

=
[1 − 𝜅]2[2𝑒̅2[𝑓𝑈 − 2]𝑓𝑈[𝑚1

2 + 𝑚2
2]𝑝𝛿 + 3𝑚1

2𝑚2
2[[1 − 𝑓𝑈]2𝛽𝑈

2 − 𝛽𝐹
2]𝜅2]

8𝑒̅2𝑝2𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by 

comparing the social gain with the total subsidy:  

𝛽̂𝑈𝐹
𝑆𝐺 =

3𝛽𝐹
2 +

𝑒̅2𝑝𝛿 [[[2 − 𝑓𝐼]𝑓𝐼 − 2[2 − 𝑓𝑈]𝑓𝑈]𝑚1
2 + [[𝑓𝐼 − 2]𝑓𝐼 − 2[𝑓𝑈 − 2]𝑓𝑈]𝑚2

2]

𝑚1
2𝑚2

2𝜅2

3[1 − 𝑓𝑈]2
 

𝑆𝑈(𝑥𝑈1, 𝑥𝑈2) − 𝑆𝐹(𝑥𝐹1, 𝑥𝐹2) >  𝑥𝑈1 + 𝑥𝑈2  if  [𝛽𝑈]2 > 𝛽̂𝑈𝐹
𝑆𝐺 . 

To show that the social gain is enough to cover the total subsidy, we need to show [𝛽𝑈]2 > 𝛽̂𝑈𝐹
𝑆𝐺  

for all valid values of [𝛽𝑈]2 within the diagonally shaded area of Figure 4. The necessary and 

sufficient condition for [𝛽𝑈]2 > 𝛽̂𝑈𝐹
𝑆𝐺  is to show that 𝛽̂𝑈𝐹

𝑆𝐺 < 𝛽̂𝑈𝐹
𝑆𝑊: 

𝛽̂𝑈𝐹
𝑆𝐺 − 𝛽̂𝑈𝐹

𝑆𝑊 =
𝑒̅2[2 − 𝑓𝐼]𝑓𝐼[𝑚1

2 − 𝑚2
2]𝑝𝛿

3𝑚1
2𝑚2

2𝜅2
> 0. 

The above result indicates that the social gain cannot justify the total subsidy for all values of 

[𝛽𝑈]2. To see if the social gain is enough to justify a portion of the diagonally shaded area in 

Figure 4, we then compare 𝛽̂𝑈𝐹
𝑆𝐺 with 𝛽̂𝑈𝐹

𝐸𝑞𝑚
: 

𝛽̂𝑈𝐹
𝐸𝑞𝑚 − 𝛽̂𝑈𝐹

𝑆𝐺 = −
𝑒̅2[[2 − 𝑓𝐼]𝑓𝐼 − 2[2−𝑓𝑈]𝑓𝑈][𝑚1

2 − 𝑚2
2]𝑝𝛿

3[1 − 𝑓𝑈]2𝑚1
2𝑚2

2𝜅2
 

𝛽̂𝑈
𝐸𝑞𝑚 − 𝛽̂𝑈

𝑆𝐺 ≥ 0 if [2 − 𝑓𝐼]𝑓𝐼 − 2[2−𝑓𝑈]𝑓𝑈 ≤ 0, otherwise  𝛽̂𝑈
𝐸𝑞𝑚 − 𝛽̂𝑈

𝑆𝐺 < 0. 

If  
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
≥ 2, then the social gain is sufficient to cover the total subsidy when 𝛽̂𝑈𝐹

𝐸𝑞𝑚
< [𝛽𝑈]2 <

𝛽̂𝑈𝐹

𝑆𝐺
. 
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If  
𝑓𝐼[2−𝑓𝐼]

𝑓𝑈[2−𝑓𝑈]
< 2, then the social gain is sufficient to cover the total subsidy when 𝛽̂𝑈𝐹

𝑆𝐺
< [𝛽𝑈]2 <

𝛽̂𝑈𝐹

𝐸𝑞𝑚
. 

The social gain is not sufficient to cover the total subsidy for all other cases. 

When we combine the results of Cases 1-3 together, we obtain Lemma 6 and Propositions 5. 

Proof of Proposition 6 

First, focusing on the interior solutions, we obtain the new threshold values under the impact of 

initial interoperability 𝐼0: 

𝛽̂𝑈1−𝑛𝑒𝑤 =
[1 − 𝑓𝐼]2

[1 − 𝑓𝑈]2
−

4𝑒̅2𝑝𝛿[𝑓𝐼 − 𝑓𝑈][𝑚1[2 − 𝑓𝐼 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚2𝜅]

3𝑚1𝑚2
2[1 − 𝑓𝑈]2[1 − 𝜅]𝜅2

, 

𝛽̂𝐹1−𝑛𝑒𝑤 = [1 − 𝑓𝐼]2 −
4𝑒̅2𝑝𝛿𝑓𝐼[𝑚1[2 − 𝑓𝐼][1 − 𝜅] + 2𝐼0𝑚2𝜅]

3𝑚1𝑚2
2[1 − 𝜅]𝜅2

, 

𝛽̂𝑈𝐹1−𝑛𝑒𝑤 =
1

[1 − 𝑓𝑈]2
𝛽̂𝐹1−𝑛𝑒𝑤 +

4𝑒̅2𝑝𝛿𝑓𝑈[𝑚1[2 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚2𝜅]

3𝑚1𝑚2
2[1 − 𝑓𝑈]2[1 − 𝜅]𝜅2

, 

𝛽̂𝑈2−𝑛𝑒𝑤 =
[1 − 𝑓𝐼]2

[1 − 𝑓𝑈]2
−

4𝑒̅2𝑝𝛿[𝑓𝐼 − 𝑓𝑈][𝑚2[2 − 𝑓𝐼 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚1𝜅]

3𝑚1
2𝑚2[1 − 𝑓𝑈]2[1 − 𝜅]𝜅2

, 

𝛽̂𝐹2−𝑛𝑒𝑤 = [1 − 𝑓𝐼]2 −
4𝑒̅2𝑝𝛿𝑓𝐼[𝑚2[2 − 𝑓𝐼][1 − 𝜅] + 2𝐼0𝑚1𝜅]

3𝑚1
2𝑚2[1 − 𝜅]𝜅2

, 

𝛽̂𝑈𝐹2−𝑛𝑒𝑤 =
1

[1 − 𝑓𝑈]2
𝛽̂𝐹2−𝑛𝑒𝑤 +

4𝑒̅2𝑝𝛿𝑓𝑈[𝑚2[2 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚1𝜅]

3𝑚1
2𝑚2[1 − 𝑓𝑈]2[1 − 𝜅]𝜅2

. 

When we compare the new threshold values with the old threshold values (as given in the proof 

of Proposition 1) we obtain:  

𝛽̂𝑈1−𝑛𝑒𝑤 < 𝛽̂𝑈1,  𝛽̂𝐹1−𝑛𝑒𝑤 < 𝛽̂𝐹1, and 𝛽̂𝑈𝐹1−𝑛𝑒𝑤 > 𝛽̂𝑈𝐹1; 

𝛽̂𝑈2−𝑛𝑒𝑤 < 𝛽̂𝑈2,  𝛽̂𝐹2−𝑛𝑒𝑤 < 𝛽̂𝐹2, and 𝛽̂𝑈𝐹2−𝑛𝑒𝑤 > 𝛽̂𝑈𝐹2. 
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This indicate the horizontal line moves down; the vertical line moves left, and the diagonal line 

moves up towards the upper left corner. 

When we compare the new threshold values between District 1 and District 2 we obtain: 

𝛽̂𝑈1−𝑛𝑒𝑤 < 𝛽̂𝑈2−𝑛𝑒𝑤, 𝛽̂𝐹1−𝑛𝑒𝑤 < 𝛽̂𝐹2−𝑛𝑒𝑤 and 𝛽̂𝑈𝐹1−𝑛𝑒𝑤 > 𝛽̂𝑈𝐹2−𝑛𝑒𝑤.   

Recall that when the initial interoperability is not considered, we also have: 

𝛽̂𝑈1 < 𝛽̂𝑈2, 𝛽̂𝐹1 < 𝛽̂𝐹2 and 𝛽̂𝑈𝐹1 > 𝛽̂𝑈𝐹2.   

This indicates that the relative positions between the two districts’ preferences remain the same 

with or without the influence of initial interoperability. This proves all the results reported in 

Proposition 6. 

Next, we focus on the case of boundary solution (i.e., the initial interoperability is large), 

we then solve for  the optimal 𝑒𝑖𝑗 and 𝑔𝑖𝑗  under the new constraint 𝐼0 + 𝛽𝑖 [
𝑒𝑖1+𝑒𝑖2

𝑒̅
] = 1. Here we 

use the maximization problem for unified approach as a demonstration, the results for the other 

two interoperability approaches can be derived in a similar way.   

Under the unified approach, the individual district’s decision problem is: 

max 𝑆𝑈𝑗 (𝑔𝑈𝑗 , 𝑒𝑈𝑗) = 𝑚𝑗 [[1 − 𝜅][1 − 𝑓𝑈]𝑔𝑈𝑗 + 𝜅 [𝐼0 + 𝛽𝑈 [
𝑒𝑈𝑗 + 𝑒𝑈\𝑗

𝑒̅
]] 𝑔𝑈\𝑗] − 𝑝𝑔𝑈𝑗

2 − 𝛿𝑒𝑈𝑗
2  

Subject to 0 ≤ 𝑒𝑈𝑗 ≤ 𝑒, 0 ≤ 𝑔𝑈𝑗 ≤ 𝑔, 0 ≤ 𝐼0 + 𝛽𝑈 [
𝑒𝑈𝑗+𝑒𝑈\𝑗

𝑒̅
] = 1, where 𝑗 ∈ {1, 2}. 

Solve for the above maximization problem under the new binding constraint, we obtain:  

𝑔𝑈1 =
𝑚1(1−𝑓𝑈)(1−𝜅)

2𝑝
, 𝑔𝑈2 =

𝑚2(1−𝑓𝑈)(1−𝜅)

2𝑝
, 𝑒𝑈1 = 𝑒𝑈2 =

𝑒(1−𝐼0)

2𝛽𝑈
. 

Here we can see that if the initial interoperability is very high (e.g., 𝐼0 = 1), then the optimal 

effort level should be zero for both districts. 

The boundary solution surplus for each district is: 
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𝑆𝑈1−𝐵 =
1

4
[
𝑚1[1 − 𝑓

𝑈
][1 − 𝜅][𝑚1[1 − 𝑓

𝑈
][1 − 𝜅] + 2𝑚2𝜅]

𝑝
−

𝑒̅2𝛿[1 − 𝐼0]2

𝛽𝑈
2 ], 

𝑆𝑈2−𝐵 =
1

4
[
𝑚2[1 − 𝑓

𝑈
][1 − 𝜅][𝑚2[1 − 𝑓

𝑈
][1 − 𝜅] + 2𝑚1𝜅]

𝑝
−

𝑒̅2𝛿[1 − 𝐼0]2

𝛽𝑈
2 ]. 

Here we use subscript B to denote Boundary solution. 

The interior solution surplus for each district is: 

𝑆𝑈1 =
𝑚1[1 − 𝑓𝑈][1 − 𝜅] [3𝑚1𝑚2

2𝛽𝑈
2[1 − 𝑓𝑈][1 − 𝜅]𝜅2 + 4𝑒̅2𝑝𝛿[𝑚1[1 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚2𝜅]]

16𝑒̅2𝑝𝛿
, 

𝑆𝑈2 =
𝑚2[1 − 𝑓𝑈][1 − 𝜅] [3𝑚1

2𝑚2𝛽𝑈
2[1 − 𝑓𝑈][1 − 𝜅]𝜅2 + 4𝑒̅2𝑝𝛿[𝑚2[1 − 𝑓𝑈][1 − 𝜅] + 2𝐼0𝑚1𝜅]]

16𝑒̅2𝑝𝛿
. 

Comparing the boundary solution’s surpluses with interior solution’s surpluses for each 

district, we derive the conditions for boundary solution. We find that the boundary solution’s 

condition is the same for both districts (i.e., both districts prefer the boundary solution or both 

districts prefer the interior solution simultaneously), in other words, the case whereby one district 

prefers the boundary solution and the other district prefers the interior solution does not exist. 

Specifically, when 𝐼0 ≤ 1 −
3𝑚1𝑚2𝛽𝑖

2𝜅(1−𝜅)(1−𝑓𝑖)

2𝑒𝑝𝛿
, then the interior solution provides higher 

surplus to both districts and hence is the equilibrium, otherwise, the boundary solution is the 

equilibrium. 
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