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Online Appendix. Proof of Lemmas and Propositions

Proof of Proposition 1 — Decentralized Provision

Under decentralized provision, districts make their network asset and interoperability effort
decisions simultaneously to maximize the total surplus within their own districts. The re-
sulting network assets (7,4, 9aqq) and interoperability efforts (ef,,, e3,;) chosen by the two
districts are:
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Based on the above results g¢j,; is independent of my and g¢j,; is independent of m;. In
addition, e} ;; = €5,;- To show that the interoperability efforts of the two districts increase

in the degree of spillover k, we take the partial derivative of the interoperability effort of



each district with respect to s:
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Asmy >0, my>0,e>0p>06>0, and x € [0,0.5], we have 4 = =244 > (),
Therefore, the combined interoperability effort, ej;; + €5,4, and hence the interoperability
[%] increase in x because both ej;; and e}, increase in k.

Q.E.D.

Proof of Proposition 2 — Centralized Provision

Under centralized provision, the federal government chooses network assets, gi.. and ga., and
a single interoperability effort e.. that it implements to maximize the social welfare across

both districts. The resulting network assets (¢7.., gs..) and interoperability effort (e,) are:
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To show that the network assets for one district increase in the network asset preference
of the other district, we take the partial derivatives of the network assets of each district

with respect to the network asset preference of the other district:
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As my > my > 0 and 4€?pd — m3a?k? > 4é°pd — mia’k? > 4e’*pd — [mi + m3] a’k? > 0, we
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To show that the interoperability effort e, and hence interoperability e—fﬁf increase in



degree of spillover k, we take the partial derivative of the interoperability effort e}, with

respect to k:
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Because « € [0, 0.5], we have % > 0.

Q.E.D.

Proof of Proposition 3 — Mixed Provision

Under mixed provision, there are two cases: the cd case with District 1 opt-in and District
2 opt-out; and the dc case with District 1 opt-out and District 2 opt-in.

In the cd case, the federal government chooses gi.q4 as well as chooses and implements
e1¢q for District 1, and District 2 chooses its own ¢o.q and es.y. The resulting network assets
(914 95.4) and interoperability efforts (e, €5.4) are:

my [1 — k] [4e*pd + m3~2k?]
4p [2€?pd — m3y2K?]

ma [1 — K]
2p

*

Ged =

* p—
y Y2ed =

. mumgyk [1 — K] [88°pd — m3yPK?]

. mymayk [1 — K] [4€2pd + m3y2K?]
61cd - =

» €oed =

8epd [2e2pd — m3y2k?] 8epd [2e2pd — m3y2k?]

In the dc case, the federal government chooses go4. as well as chooses and implements
eaqe for District 2, and District 1 chooses its own ¢14. and e14.. The resulting network assets
(9140 9540) and interoperability efforts (e, €5,.) are:
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To show that the network assets for the opt-in district chosen by the federal government

increase in the network asset preference of the opt-out district, we take the partial derivatives

of the network assets for the opt-in district with respect to the network asset preference of



the opt-out district:
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Because my; > 0, my >0, § > 0, and & € [0, 0.5], we have % > 0 and % > 0.
mo mi

To show that the interoperability efforts increase in the degree of spillover x for both the

opt-in and the opt-out districts, we take the partial derivatives of the interoperability efforts

with respect to k:
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In order to compare the interoperability efforts in the dc case and those in the cd case,
we first compare the interoperability efforts for the opt-in district and then compare the

interoperability efforts for the opt-out district:
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as my > msg > 0, pd > m%;éz'g, and k € [0,0.5]. Therefore, the resulting interoperability level

is greater in the dc case than the cd case.

Q.E.D.



Proof of Lemma 1

Based on the results from Proposition 1 and Proposition 3, we substitute the network assets
and interoperability levels back to derive the social welfare for decentralized provision dd

and mixed provision cd and dc:
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Comparing these social welfare levels yields:
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as my > mg >0,y >1and pd > miﬁﬁg. Therefore, SWy. > SWeq > SWaa.

Q.E.D.

Proof of Proposition 4 — Social Optimum

From Lemma 1, we know that mixed provision cd and decentralized provision dd cannot be
socially optimal. Thus, centralized provision cc and mixed provision dc are the only possible
social optimum.

Based on the results from Proposition 2, we substitute the network assets and interoper-

ability levels back to derive the social welfare for centralized provision cc:
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Comparing the social welfare levels of cc and dc yields:
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The sign of SW.. — SWy. depends on the interoperability efficiency of centralized provision

parameter a. If
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then SW,. > SW,.; otherwise, SW.. < SWjy.. The threshold & is such that when o = &,
SWee = SWye.
Q.E.D.

Proof of Lemma 2

Based on the results from Proposition 1 and Proposition 3, we substitute the network assets
and interoperability levels back to derive the total surplus of each district for decentralized
provision dd and mixed provision cd and dc. We first compare District 1’s surplus under

mixed provision cd and that under decentralized provision dd:
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We next compare District 2’s surplus under mixed provision dc and that under decen-

tralized provision dd:
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From Assumption 2(b) where 42 < 1.5, mixed provision cd is dominated by decentralized



provision dd for District 1 and mixed provision dc is dominated by decentralized provision
dd for District 2. Therefore, neither mixed provision can be an equilibrium.

Q.E.D.

Proof of Lemma 3

Based on the results from Proposition 2, we substitute the network assets and interoper-
ability levels back into the objective functions to derive the total surplus of each district for
centralized provision cc subject to the cost sharing percentage ¢ for District 1 and 1 — ¢ for

District 2:
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Thus, aggc > 0 and %f;c < 0. Furthermore, we know that the cost sharing percentage
¢ does not affect the districts surplus under mixed provision. Thus, Si4. and Ss.y do not
depend on ¢.

The threshold ¢, is such that when ¢ = ¢, Sice = Si4e- The threshold ¢, is such that
when ¢ = ¢, Soee = Saeq. Comparing Si.. and Sig. yields that if ¢ < ¢, then Si.. > Sige;
otherwise, St < Sige. Similarly, comparing Ss.. and Ss.q yields that if ¢ > @9, then
Soce = Sacq; otherwise, So.. < Socq.

Q.E.D.

Proof of Lemma 4

To show that there exists a threshold a® such that if o > a®, ¢1 > ¢o, we take the partial

derivative of ¢ — ¢ with respect to a, where ¢, and ¢, are defined in Lemma 3:
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and 72 < 1.5.

as po >

Define the threshold a® as when a = o, ¢; = ¢. Therefore, there exists a threshold o
such that if & > a®, then ¢; > ¢; otherwise ¢; < ¢. The threshold a® is such that when
o = 04¢7 o1 = 0.

Q.E.D.

Proof of Proposition 5 — Utilizing Cost Sharing Rule to Induce Social Optimum

From Proposition 4, we know that if a > &, then the social optimum is centralized provision
cc; otherwise, the social optimum is mixed provision dc. From Lemma 3 and Lemma 4, we
know that if & > a®, then ¢; > ¢, and the federal government can choose a feasible ¢ such
that ¢o < ¢ < ¢ to induce centralized provision; otherwise, there is no feasible ¢ to induce
centralized provision.

Comparing the thresholds o and &, we find that the sign of a® — & depends on
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This expression is positive since pd > > and 72 < 1.5. Thus, we get that
a? > a.
In addition, cost sharing pertains only to centralized provision and not to mixed provision.

Therefore, we derive the three cases given in Proposition 5, i.e., a > a?, & < a < a?, and



a < A.

Q.E.D.

Proof of Lemma 5

The federal goverment may offer grants to the opt-in districts in order to induce the socially
optimum organization form. From Lemma 3, we know that in the absence of grants District
1 does not have the incentive to deviate from centralized provision if ¢ < ¢ and District 2
does not have the incentive to deviate from centralized provision if ¢ > ¢,. In the presence
of grants, the thresholds ¢; and ¢, become functions of the grants, i.e., ¢1(Fic.) and ¢o(Foee).

Specifically,
4625 — 3 + m3) 0?67 Fiee

4226m2m32 [1 — k]* a2k?

¢1(Fiee) = ¢1(0) +
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Note that in the above expressions, ¢1(0) and ¢5(0) are equivalent to the thresholds derived in
Lemma 3. Solving ¢ (Fie.) = ¢2(Fhee) vields a?(F..), where F,. = Fi. + Fhe.. Furthermore,
a?(F,.) decreases in the total grant given to the opt-in districts. Thus, there exists F%, such
that o = a®(F%). Therefore, if F,. > F%, then a > a®(F2%).

Q.E.D.

Proof of Proposition 6 — Utilizing Cost Sharing and Grants to Induce Social

Optimum

Based on the results from Proposition 5 and Lemma 5, we know that if a > a®(0), then
the federal government prefers centralized provision and can choose a feasible ¢ to induce
centralized provision. Therefore, no grant is needed, i.e., F%, = 0. If & < a < a®(0), then the
federal government prefers centralized provision and has to provide grant F to the opt-in
districts as stated in Lemma 5 to induce centralized provision.

If o < &, then the federal government prefers the mixed provision dc. In order to induce



the mixed provision dc, two conditions need to be satisfied: Sigz. > Siee and Sage > Sayq.
From Lemma 3, we know that if ¢ > ¢;, then Siz. > Sie. As for District 2, we know that
without grant, Soge(Foge = 0) < Soqq. Therefore, the federal government has to provide grant
F3,. = S2dad — S24c(Faqe = 0) to ensure that District 2 opts in.

Q.E.D.
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