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Appendix 
 

Equilibrium Analysis in Stage 2 

Integrated Approach: Each district maximizes their individual surplus by choice of resources 𝑔ூ௝  and interoperability effort 𝑒ூ௝: 

 

max
௚಺భ, ௘಺భ 

𝑆ூଵ ൌ 𝑚ଵ ൤ሾ1 െ 𝜅ሿሾ1 െ 𝑓ூሿ𝑔ூଵ ൅ 𝜅 ቂ
௘಺భା௘಺మ

௘̅
ቃ 𝑔ூଶ൨ െ 𝑝𝑔ூଵ

ଶ െ 𝛿𝑒ூଵ 
ଶ  and 

max
௚಺మ, ௘಺మ 

𝑆ூଶ ൌ 𝑚ଶ ൤ሾ1 െ 𝜅ሿሾ1 െ 𝑓ூሿ𝑔ூଶ ൅ 𝜅 ቂ
௘಺భା௘಺మ

௘̅
ቃ 𝑔ூଵ൨ െ 𝑝𝑔ூଶ

ଶ െ 𝛿𝑒ூଶ
ଶ , 

subject to 𝑔ூ௝ ∈ ሾ0,𝑔ሿ and 𝑒ூ௝ ∈ ሾ0, 𝑒ሿ. 

 

Jointly solving for individual districts’ optimal resources and interoperability effort, and assuming interior solutions to both, yields a Nash 
equilibrium: 

 

𝑔ூଵ ൌ
𝑚ଵሾ1 െ 𝜅ሿሾ1 െ 𝑓ூሿ

2𝑝
,𝑔ூଶ ൌ

𝑚ଶሾ1 െ 𝜅ሿሾ1 െ 𝑓ூሿ

2𝑝
, 

𝑒ூଵ ൌ 𝑒ூଶ ൌ
𝑚ଵ𝑚ଶ𝜅ሾ1 െ 𝜅ሿሾ1 െ 𝑓ூሿ

4𝑝𝛿𝑒̅
. 

 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

 

𝑆ூଵ
௘௤௠ ൌ

ሾ1 െ 𝑓ூሿଶ𝑚ଵ
ଶሾ1 െ 𝜅ሿଶሾ4𝑒̅ଶ𝑝𝛿 ൅ 3𝑚ଶ

ଶ𝜅ଶሿ

16𝑒̅ଶ𝑝ଶ𝛿
, 

𝑆ூଶ
௘௤௠ ൌ

ሾ1 െ 𝑓ூሿଶ𝑚ଶ
ଶሾ1 െ 𝜅ሿଶሾ4𝑒̅ଶ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝜅ଶሿ

16𝑒̅ଶ𝑝ଶ𝛿
, 

𝑆ூ
௘௤௠ ൌ 𝑆ூଵ

௘௤௠ ൅ 𝑆ூଶ
௘௤௠ ൌ

ሾ1 െ 𝑓ூሿଶሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿 ൅ 3𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 

 

Unified Approach: Each district maximizes their individual surplus by choice of resources 𝑔௎௝  and interoperability effort 𝑒௎௝: 

 

max
௚ೆభ, ௘ೆభ 

𝑆௎ଵ ൌ 𝑚ଵ ൤ሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ𝑔௎ଵ ൅ 𝜅𝛽௎ ቂ
௘ೆభା௘ೆమ

௘̅
ቃ 𝑔௎ଶ൨ െ 𝑝𝑔௎ଵ

ଶ െ 𝛿𝑒௎ଵ
ଶ  and 

max
௚ೆమ, ௘ೆమ 

𝑆௎ଶ ൌ 𝑚ଶ ൤ሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ𝑔௎ଶ ൅ 𝜅𝛽௎ ቂ
௘ೆభା௘ೆమ

௘̅
ቃ 𝑔௎ଵ൨ െ 𝑝𝑔௎ଶ

ଶ െ 𝛿𝑒௎ଶ
ଶ , 

subject to 𝑔௎௝ ∈ ሾ0,𝑔ሿ and 𝑒௎௝ ∈ ሾ0, 𝑒ሿ. 

Jointly solving for individual districts’ optimal resources and interoperability effort, and assuming interior solutions to both, yields a Nash 
equilibrium 
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𝑔௎ଵ ൌ
𝑚ଵሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ

2𝑝
,𝑔௎ଶ ൌ

𝑚ଶሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ

2𝑝
, 

𝑒௎ଵ ൌ 𝑒௎ଶ ൌ
𝑚ଵ𝑚ଶ𝛽௎𝜅ሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ

4𝑝𝛿𝑒̅
. 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

 

𝑆௎ଵ
௘௤௠ ൌ

𝑚ଵ
ଶሾ1 െ 𝜅ሿଶሾ1 െ 𝑓௎ሿଶሾ3𝑚ଶ

ଶ𝛽௎
ଶ𝜅ଶ ൅ 4𝑝𝛿𝑒̅ଶሿ

16𝑝ଶ𝛿𝑒̅ଶ
, 

𝑆௎ଶ
௘௤௠ ൌ

𝑚ଶ
ଶሾ1 െ 𝜅ሿଶሾ1 െ 𝑓௎ሿଶሾ3𝑚ଵ

ଶ𝛽௎
ଶ𝜅ଶ ൅ 4𝑝𝛿𝑒̅ଶሿ

16𝑝ଶ𝛿𝑒̅ଶ
, 

𝑆௎
௘௤௠ ൌ 𝑆௎ଵ

௘௤௠ ൅ 𝑆௎ଶ
௘௤௠ ൌ

ሾ1 െ 𝑓௎ሿଶሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿 ൅ 3𝑚ଵ
ଶ𝑚ଶ

ଶ𝛽௎
ଶ𝜅ଶሿ

8𝑝ଶ𝛿𝑒̅ଶ
. 

 

Federated Approach: Each district maximizes their individual surplus by choice of resources 𝑔ி௝  and interoperability effort 𝑒ி௝ 

max
௚ಷభ , ௘ಷభ 

𝑆ிଵ ൌ 𝑚ଵ ൤ሾ1 െ 𝜅ሿ𝑔ிଵ ൅ 𝜅𝛽ி ቂ
௘ಷభା௘ಷమ

௘̅
ቃ 𝑔ிଶ൨ െ 𝑝𝑔ிଵ

ଶ െ 𝛿𝑒ிଵ
ଶ  and 

max
௚ಷమ , ௘ಷమ 

𝑆ிଶ ൌ 𝑚ଶ ൤ሾ1 െ 𝜅ሿ𝑔ிଶ ൅ 𝜅𝛽ி ቂ
௘ಷభା௘ಷమ

௘̅
ቃ 𝑔ிଵ൨ െ 𝑝𝑔ிଶ

ଶ െ 𝛿𝑒ிଶ
ଶ , 

subject to 𝑔ி௝ ∈ ሾ0,𝑔ሿ and 𝑒ி௝ ∈ ሾ0, 𝑒ሿ. 

Jointly solving for individual districts’ optimal resources and interoperability effort, and assuming interior solutions to both, yields a Nash 
equilibrium 

𝑔ிଵ ൌ
ሾ1 െ 𝜅ሿ𝑚ଵ

2𝑝
,  𝑔ிଶ ൌ

ሾ1 െ 𝜅ሿ𝑚ଶ

2𝑝
, 

𝑒ிଵ ൌ 𝑒ிଶ ൌ
𝜅𝛽ிሾ1 െ 𝜅ሿ𝑚ଵ𝑚ଶ

4𝑒̅𝑝𝛿
. 

We then compute the corresponding surplus for each district and social welfare in equilibrium: 

 

𝑆ிଵ
௘௤௠ ൌ

𝑚ଵ
ଶሾ1 െ 𝜅ሿଶሾ4𝑒̅ଶ𝑝𝛿 ൅ 3𝑚ଶ

ଶ𝛽ி
ଶ𝜅ଶሿ

16𝑒̅ଶ𝑝ଶ𝛿
, 

𝑆ிଶ
௘௤௠ ൌ

𝑚ଶ
ଶሾ1 െ 𝜅ሿଶሾ4𝑒̅ଶ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝛽ி
ଶ𝜅ଶሿ

16𝑒̅ଶ𝑝ଶ𝛿
, 

𝑆ி
௘௤௠ ൌ 𝑆ிଵ

௘௤௠ ൅ 𝑆ிଶ
௘௤௠ ൌ

ሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿 ൅ 3𝑚ଵ
ଶ𝑚ଶ

ଶ𝛽ி
ଶ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 
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Equilibrium Analysis in Stage 1 

There are nine cases: 

Case 1: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 2: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 3: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 
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Case 4: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 5: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 6: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 
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Case 7: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 8: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Case 9: 

 

District 2 

𝑡ଶ ൌ 𝐼 𝑡ଶ ൌ 𝑈 𝑡ଶ ൌ 𝐹 

District 1 

𝑡ଵ ൌ 𝐼 I ሺ𝑆ூଵ, 𝑆ூଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝑈 U ሺ𝑆௎ଵ, 𝑆௎ଶሻ U ሺ𝑆௎ଵ, 𝑆௎ଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

𝑡ଵ ൌ 𝐹 F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ F ሺ𝑆ிଵ, 𝑆ிଶሻ 

 

Proof of Lemma 1 

For District 1: If ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ଵ and  ሾ𝛽ிሿଶ ൏ 𝛽መிଵ, then this corresponds to the regions defined in Cases 1, 2, & 3 as shown in Figure 1. Under 
all three cases, the Integrated approach is preferred by District 1 as it provides higher surplus than the other two approaches, hence the Pareto 
efficient interoperability approach is Integrated. If ሾ𝛽௎ሿଶ ൒ 𝑚𝑎𝑥ሼ𝛽መ௎ଵ,𝛽መ௎ிଵሽ, then this corresponds to the regions defined in Cases 4 & 5 as 
shown in Figure 1. Under both cases, the Unified approach provides higher surplus than the other two approaches, hence the Pareto efficient 
interoperability approach is Unified. If ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ிଵ and ሾ𝛽ிሿଶ ൒ 𝛽መிଵ, then this corresponds to the regions defined in Cases 6, 7, 8, & 9 as 
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shown in Figure 1. Under all four cases, the Federated approach provides higher surplus than the other two approaches, hence the Pareto 
efficient interoperability approach is Federated. 

For District 2: Similarly, if ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ଶ and ሾ𝛽ிሿଶ ൏ 𝛽መிଶ, then this corresponds to the regions defined in Cases 1, 2, 3, 4, 7, & 8 as shown 
in Figure 1. Under all six cases, the Integrated approach provides higher surplus than the other two approaches, hence the Pareto efficient 
interoperability approach is Integrated. If ሾ𝛽௎ሿଶ ൒ 𝑚𝑎𝑥ሼ𝛽መ௎ଶ,𝛽መ௎ிଶሽ, then this corresponds to the regions defined in Cases 5 & 6 as shown in 
Figure 1. Under both cases, the Unified approach provides higher surplus than the other two approaches, hence the Pareto efficient 
interoperability approach is Unified. If ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ிଶ and ሾ𝛽ிሿଶ ൒ 𝛽መிଶ, then this corresponds to the regions defined in Case 9 as shown in 
Figure 1. Under Case 9, the Federated approach provides higher surplus than the other two approaches, hence the Pareto efficient 
interoperability approach is Federated. 

Lemma 1 is obtained by combing the above results for both Districts. 

 

Proof of Lemma 2 

Lemma 2 is derived based on the definition of the equilibrium interoperability approach, which is determined by individual districts’ 
preferences. The Integrated approach is the equilibrium if and only if both districts prefer the Integrated approach. The Unified approach is 
the equilibrium if both districts prefer the Unified approach or one district prefers Unified but the other prefers Integrated. The Federated 
approach is the equilibrium if either district prefers the Federated approach. 

 

 

Proof of Proposition 1 

The threshold values are given below:  

   𝛽መ௎ଵ ൌ
ሾଵି௙಺ሿమ

ሾଵି௙ೆ ሿమ
െ

ସ௘̅మ௣ఋሾ௙಺ି௙ೆ ሿሾଶି௙಺ି௙ೆ ሿ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑మ

, 

   𝛽መிଵ ൌ 1 െ
ଵ

ଷ
ሾ2 െ 𝑓ூሿ𝑓ூ ቂ3 ൅

ସ௘̅మ௣ఋ

௠మ
మ఑మ
ቃ, 

   𝛽መ௎ிଵ ൌ
ଵ

ሾଵି௙ೆ ሿమ
𝛽መிଵ ൅

ସ௘̅మ௣ఋሾଶି௙ೆ ሿ௙ೆ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑మ

, 

   𝛽መ௎ଶ ൌ
ሾଵି௙಺ሿమ

ሾଵି௙ೆ ሿమ
െ

ସ௘̅మ௣ఋሾ௙಺ି௙ೆ ሿሾଶି௙಺ି௙ೆ ሿ

ଷሾଵି௙ೆ ሿమ௠భ
మ఑మ

, 

   𝛽መிଶ ൌ 1 െ
ଵ

ଷ
ሾ2 െ 𝑓ூሿ𝑓ூ ቂ3 ൅

ସ௘̅మ௣ఋ

௠భ
మ఑మ
ቃ, 

   𝛽መ௎ிଶ ൌ
ଵ

ሾଵି௙ೆ ሿమ
𝛽መிଶ ൅

ସ௘̅మ௣ఋሾଶି௙ೆ ሿ௙ೆ

ଷሾଵି௙ೆ ሿమ௠భ
మ఑మ

. 

Comparing the values of the thresholds, we find: 

   𝛽መ௎ଵ ൏ 𝛽መ௎ଶ, 𝛽መிଵ ൏ 𝛽መிଶ and  𝛽መ௎ிଵ ൐ 𝛽መ௎ிଶ. (As 𝑚ଵ ൐ 𝑚ଶሻ 

If ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ଵ & ሾ𝛽௎ሿଶ ൏ 𝛽መிଵ, then both Districts prefer the Integrated approach and Integrated is the equilibrium. 

If  ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ଵ & ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ிଵ, then District 1 prefers the Unified approach, District 2 prefers either the Integrated (i.e.,𝛽መ௎ଵ ൏ ሾ𝛽௎ሿଶ ൏
𝛽መ௎ଶ)  or Unified approach (i.e., ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ଶ). By definition Unified is the equilibrium. 

If ሾ𝛽௎ሿଶ ൐ 𝛽መிଵ & ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ிଵ,  then District 1 prefers the Federated approach. By definition Federated is the equilibrium. 

Based on the above, the Pareto efficient equilibrium is determined by District 1’s preferences only. Hence  𝛽መ௎
ா௤௠ ൌ 𝛽መ௎ଵ, 𝛽መி

ா௤௠ ൌ  𝛽መிଵ, and 

𝛽መ௎ி
ா௤௠ ൌ 𝛽መ௎ிଵ. 
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Proof of Corollary 1  

Comparative statics of 𝑓ூ and 𝑓௎: 

   
డఉ෡ೆ

ಶ೜೘

డ௙಺
ൌ െ  

ଶሾଵି௙಺ሿሾସ௘̅మ௣ఋାଷ௠మ
మ఑మሿ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑మ

൏ 0, 

   
డఉ෡ೆ

ಶ೜೘

డ௙ೆ
ൌ  

ଶሾଵି௙಺ሿమሾସ௘̅మ௣ఋାଷ௠మ
మ఑మሿ

ଷሾଵି௙ೆ ሿయ௠మ
మ఑మ

൐ 0, 

   
డఉ෡ಷ

ಶ೜೘

డ௙಺
ൌ െ

ଶ

ଷ
ሾ1 െ 𝑓ூሿ ቂ3 ൅

ସ௘̅మ௣ఋ

௠మ
మ఑మ
ቃ ൏ 0, 

   
డఉ෡ಷ

ಶ೜೘

డ௙ೆ
ൌ 0, 

   
డఉ෡ೆಷ

ಶ೜೘

డ௙಺
ൌ 0. 

The slope of 𝛽መ௎ி
ா௤௠ is 

ଵ
ሾଵି௙ೆ ሿమ

 , which increases with the increase of 𝑓௎.  

The intercept of 𝛽መ௎ி
ா௤௠ is 

ସ௘̅మ௣ఋሾଶି௙ೆ ሿ௙ೆ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑మ

 and 
డ
ర೐ഥమ೛ഃൣమష೑ೆ൧೑ೆ

యൣభష೑ೆ൧
మ
೘మమഉమ

డ௙ೆ
ൌ

଼௘̅మ௣ఋ

ଷሾଵି௙ೆ ሿయ௠మ
మ఑మ

൐ 0. 

Based on the signs of the comparative statics above, we obtain results about the impact of 𝑓ூ and 𝑓௎ as reported in Corollary 1(i).   

Comparative statics of  𝜅:  

   
డఉ෡ೆ

ಶ೜೘

డ఑
ൌ  

଼௘̅మ௣ఋሾଶି௙಺ି௙ೆ ሿ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑య

൐ 0, 

   
డఉ෡ಷ

ಶ೜೘

డ఑
ൌ  

଼௘̅మ௣ఋሾଶି௙಺ሿ

ଷ௠మ
మ఑య

൐ 0, 

   
డఉ෡ೆಷ

ಶ೜೘

డ఑
ൌ െ  

଼௘̅మ௣ఋሾଶି௙ೆ ሿ௙ೆ

ଷሾଵି௙ೆ ሿమ௠మ
మ఑య

൏ 0. 

Based on the signs of the comparative statics above, we obtain results about the impact of 𝜅 as reported in Corollary 1(ii).   

 

Proof of Lemma 3 

The socially optimal interoperability approach is obtained by comparing social welfare across the three approaches. The social welfare of 
each interoperability approach is given below:  

Integrated Approach: 

 

SWூ ൌ 𝑆ூଵ ൅ 𝑆ூଶ ൌ
ሾ1 െ 𝑓ூሿଶሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 

 

Unified Approach: 

SW௎ ൌ 𝑆௎ଵ ൅ 𝑆௎ଶ ൌ
ሾ1 െ 𝑓௎ሿଶሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶ𝛽௎

ଶ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
 . 
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Federated Approach: 

 

SWி ൌ 𝑆ிଵ ൅ 𝑆ிଶ ൌ
ሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶ𝛽ி

ଶ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
 . 

𝛽መ௎
ௌௐ is obtained by comparing SWூ and SW௎ (i.e., solve for ሾ𝛽௎ሿଶ such that SWூ ൌ SW௎): 

𝛽መ௎
ௌௐ ൌ

3ሾ1 െ 𝑓ூሿଶ ൅
2𝑒̅ଶሾ𝑓ூ െ 𝑓௎ሿሾ𝑓ூ ൅ 𝑓௎ െ 2ሿሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿

𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
. 

𝛽መி
ௌௐis obtained by comparing SWூ and SWி (i.e., solve for ሾ𝛽ிሿଶ such that SWூ ൌ SWி): 

𝛽መி
ௌௐ ൌ 1 െ

1
3
ሾ2 െ 𝑓ூሿ𝑓ூ ቈ3 ൅

2𝑒̅ଶሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿

𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
቉. 

𝛽መ௎ி
ௌௐis obtained by comparing SW௎ and SWி (i.e., solve for ሾ𝛽௎ሿଶ such that SW௎ ൌ SWி): 

𝛽መ௎ி
ௌௐ ൌ

3𝛽ி
ଶ ൅

2𝑒̅ଶሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿
𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
. 

If  ሾ𝛽௎ሿଶ ൏ 𝛽መ௎
ௌௐ and ሾ𝛽ிሿଶ ൏ 𝛽መி

ௌௐ, then SWூ ൐  SW௎ and SWூ ൐ SWி, indicating that the socially optimal approach is Integrated. 

If ሾ𝛽௎ሿଶ ൒ maxሼ𝛽መ௎
ௌௐ,𝛽መ௎ி

ௌௐሽ, then SWூ ൏  SW௎ and SWி ൏ SW௎, indicating that the socially optimal approach is Unified. 

If ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ி
ௌௐ and ሾ𝛽ிሿଶ ൒ 𝛽መி

ௌௐ, then SW௎ ൏  SWி and SWூ ൏ SWி, indicating that the socially optimal approach is Federated. 

 

 

Proof of Proposition 2 

The results are obtained by comparing 𝛽መ௎
ௌௐ with 𝛽መ௎

ா௤௠, 𝛽መி
ௌௐ with 𝛽መி

ா௤௠, and 𝛽መ௎ி
ௌௐ with 𝛽መ௎ி

ா௤௠. 

𝛽መ௎
ா௤௠ ൌ

3ሾ1 െ 𝑓ூሿଶ ൅
4𝑒̅ଶሾ𝑓ூ െ 𝑓௎ሿሾ𝑓ூ ൅ 𝑓௎ െ 2ሿ𝑝𝛿

𝑚ଶ
ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
, 

𝛽መி
ா௤௠ ൌ 1 െ

1
3
ሾ2 െ 𝑓ூሿ𝑓ூ ቈ3 ൅

4𝑒̅ଶ𝑝𝛿

𝑚ଶ
ଶ𝜅ଶ

቉, 

𝛽መ௎ி
ா௤௠ ൌ

3𝛽ி
ଶ ൅

2𝑒̅ଶሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ
ଶ ൅ 𝑚ଶ

ଶሿ𝑝𝛿
𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
. 

Comparing the socially optimal thresholds with equilibrium thresholds we obtain 

𝛽መ௎
ௌௐ െ 𝛽መ௎

ா௤௠ ൌ
2𝑒̅ଶሾ𝑓ூ െ 𝑓௎ሿሾ2 െ 𝑓ூ െ 𝑓௎ሿሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3ሾ1 െ 𝑓௎ሿଶ𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൐ 0, 

𝛽መி
ௌௐ െ 𝛽መி

ா௤௠ ൌ
2𝑒̅ଶሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൐ 0, 

𝛽መ௎ி
ௌௐ െ 𝛽መ௎ி

ா௤௠ ൌ െ
2𝑒̅ଶሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3ሾ1 െ 𝑓௎ሿଶ𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൏ 0. 
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From the above, we obtain 𝛽መ௎
ௌௐ ൐ 𝛽መ௎

ா௤௠, 𝛽መி
ௌௐ ൐ 𝛽መி

ா௤௠, and 𝛽መ௎ி
ௌௐ ൏ 𝛽መ௎ி

ா௤௠. 

 

Proof of Corollary 2  

Comparative statics of 𝑓ூ and 𝑓௎ on the socially optimal interoperability approaches: 

   
డఉ෡ೆ

ೄೈ

డ௙಺
ൌ െ  

ଶሾଵି௙಺ሿሾଶ௘̅మ௣ఋሾ௠భ
మା௠మ

మሿାଷ௠భ
మ௠మ

మ఑మሿ

ଷሾଵି௙ೆ ሿమ௠భ
మ௠మ

మ఑మ
൏ 0, 

   
డఉ෡ೆ

ೄೈ

డ௙ೆ
ൌ  

ଶሾଵି௙಺ሿమሾଶ௘̅మ௣ఋሾ௠భ
మା௠మ

మሿାଷ௠భ
మ௠మ

మ఑మሿ

ଷሾଵି௙ೆ ሿయ௠భ
మ௠మ

మ఑మ
൐ 0, 

   
డఉ෡ಷ

ೄೈ

డ௙಺
ൌ െ

ଶ

ଷ
ሾ1 െ 𝑓ூሿ ቂ3 ൅

ଶ௘̅మ௣ఋሾ௠భ
మା௠మ

మሿ

௠భ
మ௠మ

మ఑మ
ቃ ൏ 0, 

   
డఉ෡ಷ

ೄೈ

డ௙ೆ
ൌ 0, 

   
డఉ෡ೆಷ

ೄೈ

డ௙಺
ൌ 0. 

The slope of 𝛽መ௎ி
ௌௐ is 

ଵ
ሾଵି௙ೆ ሿమ

 , which increases with the increase of 𝑓௎.  

The intercept of 𝛽መ௎ி
ௌௐ is 

ଶ௘̅మ௣ఋ௙ೆ ሾଶି௙ೆ ሿሾ௠భ
మା௠మ

మሿ

ଷሾଵି௙ೆ ሿమ௠భ
మ௠మ

మ఑మ
 and 

డ
మ೐ഥమ೛ഃ೑ೆൣమష೑ೆ൧ൣ೘భ

మశ೘మ
మ൧

యൣభష೑ೆ൧
మ
೘భమ೘మమഉమ

డ௙ೆ
ൌ

ସ௘̅మ௣ఋሾ௠భ
మା௠మ

మሿ

ଷሾଵି௙ೆ ሿయ௠భ
మ௠మ

మ఑మ
൐ 0. 

Based on the signs of the comparative statics above, we obtain the results about the impact of 𝑓ூ and 𝑓௎ as reported in Corollary 2(i). 

Comparative statics of  𝜅 on the socially optimal interoperability approaches:  

   
డఉ෡ೆ

ೄೈ

డ఑
ൌ  

ସ௘̅మ௣ఋሾ௙಺ି௙ೆ ሿሾଶି௙಺ି௙ೆ ሿሾ௠భ
మା௠మ

మሿ

ଷሾଵି௙ೆ ሿమ௠భ
మ௠మ

మ఑య
൐ 0, 

   
డఉ෡ಷ

ೄೈ

డ఑
ൌ  

ସ௘̅మ௣ఋ௙಺ሾଶି௙಺ሿሾ௠భ
మା௠మ

మሿ

ଷ௠భ
మ௠మ

మ఑య
൐ 0, 

   
డఉ෡ೆಷ

ೄೈ

డ఑
ൌ െ  

ସ௘̅మ௣ఋ௙ೆ ሾଶି௙ೆ ሿሾ௠భ
మା௠మ

మሿ

ଷሾଵି௙ೆ ሿమ௠భ
మ௠మ

మ఑య
൏ 0. 

Based on the signs of the comparative statics above, we obtain the results about the impact of 𝜅 as reported in Corollary 2(ii). 

 

Proof of Lemma 4 

A social planner should find the optimal incentive mechanism that achieves social optimum while minimizing the total administrative effort 
under the federated approach. That is 

min
௫೔ೕ

ሾ|𝑥ிଵ| ൅ |𝑥ிଶ|ሿ. 

The incentive mechanism must satisfy the following conditions: 

𝑥ூଵ െ 𝑥ிଵ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 

𝑥௎ଵ െ 𝑥ிଵ ൌ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 
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𝑥ூଶ െ 𝑥ிଶ ൌ െ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 

𝑥௎ଶ െ 𝑥ிଶ ൌ െ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
. 

When both tax and subsidy are available to a social planner, a district shall receive no tax as a penalty nor subsidy as an incentive if they 
choose the Federated approach (i.e., 𝑥ிଵ ൌ 𝑥ிଶ ൌ 0). This way the social planner avoids its involvement as much as possible. As for any 
non-zero tax/subsidy, a social planner must rely on extra funds or incur extra expenses to induce the social optimum, which is not desirable. 
Given that 𝑥ிଵ ൌ 𝑥ிଶ ൌ 0, we solve for the amount of tax/subsidy given to each district. 

𝑥ூଵ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൐ 0, 

𝑥௎ଵ ൌ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൐ 0, 

𝑥ூଶ ൌ െ𝑥ூଵ ൌ െ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൏ 0, 

𝑥௎ଶ ൌ െ𝑥௎ଵ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൏ 0. 

 

 

Proof of Proposition 3 

Based on the results in Lemma 4, we have: 

𝑥ூଵ ൅ 𝑥ூଶ ൌ  
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
െ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
ൌ 0, 

𝑥௎ଵ ൅ 𝑥௎ଶ ൌ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
െ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
ൌ 0. 

𝑥ிଵ ൅ 𝑥ிଶ ൌ 0 ൅ 0 ൌ 0 

Because 1 ൐ 𝑓ூ ൐ 𝑓௎ ൐ 0,  simple algebra indicates ሾ2 െ 𝑓ூሿ𝑓ூ > ሾ2 െ 𝑓௎ሿ𝑓௎ , hence we have 𝑥ூଵ ൐ 𝑥௎ଵ ൐ 𝑥ிଵ ൌ 0 and 𝑥ூଶ ൏ 𝑥௎ଶ ൏ 𝑥ிଶ ൌ
0. 

 

Proof of Lemma 5 

To induce the social optimum, the incentive mechanism must satisfy the same conditions as shown in the proof of Lemma 4. When a subsidy 
is the only available incentive mechanism, a social planner should find the optimal incentive mechanism that achieves social optimum while 
minimizing the total incentives provided to both districts under all three approaches. That is 

min
௫೔ೕ

ሾ𝑥ூଵ ൅ 𝑥ூଶ ൅ 𝑥௎ଵ ൅ 𝑥௎ଶ ൅ 𝑥ிଵ ൅ 𝑥ிଶሿ 

   Subject to: 

𝑥ூଵ െ 𝑥ிଵ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
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𝑥௎ଵ െ 𝑥ிଵ ൌ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
 

𝑥ூଶ െ 𝑥ிଶ ൌ െ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
 

𝑥௎ଶ െ 𝑥ிଶ ൌ െ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
 

𝑥ூଵ,  𝑥ூଶ, 𝑥௎ଵ,  𝑥௎ଶ, 𝑥ிଵ, 𝑥ிଶ ൒ 0. 

 

Solving the above minimization problem leads to the solutions we reported in Lemma 5: 

 

𝑥ூଵ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 

𝑥ூଶ ൌ 0, 

𝑥௎ଵ ൌ
ሾ2 െ 𝑓௎ሿ𝑓௎ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 

𝑥௎ଶ ൌ
ൣሾ2 െ 𝑓ூሿ𝑓ூ െ ሾ2 െ 𝑓௎ሿ𝑓௎൧ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
, 

𝑥ிଵ ൌ 0, 

𝑥ிଶ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
. 

 

 

Proof of Proposition 4 

(i) is obtained based on the results we obtained in Lemma 5: i.e.,  𝑥ூଵ ൐ 0 , 𝑥௎ଵ ൐ 0 ,  𝑥ிଵ ൌ 0,  and 𝑥ிଶ ൐ 0, 𝑥௎ଶ ൐ 0 , 𝑥ூଶ ൌ 0. 

(ii) is obtained based on the following: 

𝑥ூଵ ൅ 𝑥ூଶ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൐ 0, 

𝑥௎ଵ ൅ 𝑥௎ଶ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൐ 0, 

𝑥ிଵ ൅ 𝑥ிଶ ൌ
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
൐ 0. 

And hence 𝑥ூଵ ൅ 𝑥ூଶ ൌ 𝑥௎ଵ ൅ 𝑥௎ଶ ൌ 𝑥ிଵ ൅ 𝑥ிଶ ൐ 0. 

(iii) Given that 0 ൏ 𝑓௎ ൏ 𝑓ூ ൏ 1 , simple calculation indicates  𝑥ூଵ ൐  𝑥௎ଵ ൐  𝑥ிଵ ൌ 0  and 𝑥ிଶ ൐  𝑥௎ଶ ൐ 𝑥ூଶ ൌ 0. 
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Proof of Lemma 6 and Proposition 5 

Total subsidy needed for each approach to induce social optimum is given by: 

𝑥ூଵ ൅ 𝑥ூଶ ൌ 𝑥௎ଵ ൅ 𝑥௎ଶ ൌ 𝑥ிଵ ൅ 𝑥ிଶ ൌ  
ሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿሾ1 െ 𝜅ሿଶ

8𝑝
. 

We compare this amount to the social gain and see if a subsidy can be justified. 

Case 1: When the social optimum is Integrated, but the equilibrium is Unified (the horizontally shaded area in Figure 4), the social gain is 
given by: 

𝑆ூሺ𝑥ூଵ, 𝑥ூଶሻ െ 𝑆௎ሺ𝑥௎ଵ, 𝑥௎ଶሻ ൌ
ሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑓ூ െ 𝑓௎ሿሾ𝑓ூ ൅ 𝑓௎ െ 2ሿሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶሾሾ1 െ 𝑓ூሿଶ െ ሾ1 െ 𝑓௎ሿଶ𝛽௎

ଶሿ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by comparing the social gain with the total 
subsidy: 

𝛽መ௎
ௌீ ൌ

3ሾ1 െ 𝑓ூሿଶ ൅
𝑒̅ଶ𝑝𝛿 ቂሾ3ሾ𝑓ூ െ 2ሿ𝑓ூ െ 2ሾ𝑓௎ െ 2ሿ𝑓௎ሿ𝑚ଵ

ଶ ൅ ൣሾ𝑓ூ െ 2ሿ𝑓ூ െ 2ሾ𝑓௎ െ 2ሿ𝑓௎൧𝑚ଶ
ଶቃ

𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
, 

𝑆ூሺ𝑥ூଵ, 𝑥ூଶሻ െ 𝑆௎ሺ𝑥௎ଵ, 𝑥௎ଶሻ ൐ 𝑥ூଵ ൅ 𝑥ூଶ if ሾ𝛽௎ሿଶ ൏ 𝛽መ௎
ௌீ  

To show that the social gain is enough to cover the total subsidy, we need to show ሾ𝛽௎ሿଶ ൏ 𝛽መ௎
ௌீ  of all valid values of ሾ𝛽௎ሿଶ within the 

horizontally shaded area of Figure 4. The necessary and sufficient condition for ሾ𝛽௎ሿଶ ൏ 𝛽መ௎
ௌீ  is to show that 𝛽መ௎

ௌீ ൐ 𝛽መ௎
ௌௐ: 

𝛽መ௎
ௌீ െ 𝛽መ௎

ௌௐ ൌ െ
𝑒̅ଶሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3ሾ1 െ 𝑓௎ሿଶ𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൏ 0. 

This indicates that the social gain cannot justify the total subsidy for all valid values of ሾ𝛽௎ሿଶ. To see if the social gain is enough to justify a 
portion of the horizontally shaded area in Figure 4, we then compare 𝛽መ௎

ௌீ  with 𝛽መ௎
ா௤௠: 

𝛽መ௎
ௌீ െ 𝛽መ௎

ா௤௠ ൌ
𝑒̅ଶൣሾ2 െ 𝑓ூሿ𝑓ூ െ 2ሾ2െ𝑓௎ሿ𝑓௎൧ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3ሾ1 െ 𝑓௎ሿଶ𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
 

𝛽መ௎
ௌீ െ 𝛽መ௎

ா௤௠ ൒ 0 if ሾ2 െ 𝑓ூሿ𝑓ூ െ 2ሾ2െ𝑓௎ሿ𝑓௎ ൒ 0, otherwise  𝛽መ௎
ௌீ െ 𝛽መ௎

ா௤௠ ൏ 0. 

If 
௙಺ሾଶି௙಺ሿ

௙ೆ ሾଶି௙ೆ ሿ
൒ 2, then 𝛽መ௎

ா௤௠ ൏ 𝛽መ௎
ௌீ ൏ 𝛽መ௎

ௌௐ, this in turn indicates that within the horizontally shaded region, total subsidy can be justified by 

social gain if 𝛽መ௎
ா௤௠ ൏ ሾ𝛽௎ሿଶ ൏ 𝛽መ௎

ௌீ  . Otherwise, total subsidy cannot be justified by social gain. 

Case 2: When social optimum is Integrated, but the equilibrium is Federated (the vertically shaded area in Figure 4), the social gain is given 
by: 

𝑆ூሺ𝑥ூଵ, 𝑥ூଶሻ െ 𝑆ிሺ𝑥ிଵ, 𝑥ிଶሻ ൌ
ሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑓ூ െ 2ሿሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶሾሾ1 െ 𝑓ூሿଶ െ 𝛽ி

ଶሿ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by comparing the social gain with the total 
subsidy: 

𝛽መி
ௌீ ൌ 1 െ

1
3
ሾ2 െ 𝑓ூሿ𝑓ூ ቈ3 ൅

𝑒̅ଶሾ3𝑚ଵ
ଶ ൅𝑚ଶ

ଶሿ𝑝𝛿

𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
቉ 

𝑆ூሺ𝑥ூଵ, 𝑥ூଶሻ െ 𝑆ிሺ𝑥ிଵ, 𝑥ிଶሻ ൐  𝑥ிଵ ൅ 𝑥ிଶ if ሾ𝛽ிሿଶ ൏ 𝛽መி
ௌீ . 
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To show that the social gain is enough to cover the total subsidy, we need to show ሾ𝛽ிሿଶ ൏ 𝛽መி
ௌீ  for all valid values of ሾ𝛽ிሿଶ within the 

vertically shaded area of Figure 4. The necessary and sufficient condition for ሾ𝛽ிሿଶ ൏ 𝛽መி
ௌீ is to show that 𝛽መி

ௌீ ൐ 𝛽መி
ௌௐ: 

𝛽መி
ௌீ െ 𝛽መி

ௌௐ ൌ െ
𝑒̅ଶሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൏ 0. 

This indicates that the social gain cannot justify the total subsidy for all values of ሾ𝛽ிሿଶ. To see if the social gain is enough to justify a portion 
of the vertically shaded area in Figure 4, we then compare 𝛽መி

ௌீ  with 𝛽መி
ா௤௠: 

𝛽መி
ௌீ െ 𝛽መி

ா௤௠ ൌ
𝑒̅ଶሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൐ 0. 

The above results suggest 𝛽መி
ா௤௠ ൏ 𝛽መி

ௌீ ൏ 𝛽መி
ௌௐ is always true.  As a result, if  𝛽መி

ா௤௠ ൏  ሾ𝛽ிሿଶ ൏ 𝛽መி
ௌீ , then the social gain is sufficient to cover 

the total subsidy, otherwise the social gain is not sufficient to cover the total subsidy. 

Case 3: When social optimum is Unified, but the equilibrium is Federated (the diagonally shaded area in Figure 4), the social gain is given 
by: 

𝑆௎ሺ𝑥௎ଵ, 𝑥௎ଶሻ െ 𝑆ிሺ𝑥ிଵ, 𝑥ிଶሻ ൌ
ሾ1 െ 𝜅ሿଶሾ2𝑒̅ଶሾ𝑓௎ െ 2ሿ𝑓௎ሾ𝑚ଵ

ଶ ൅ 𝑚ଶ
ଶሿ𝑝𝛿 ൅ 3𝑚ଵ

ଶ𝑚ଶ
ଶሾሾ1 െ 𝑓௎ሿଶ𝛽௎

ଶ െ 𝛽ி
ଶሿ𝜅ଶሿ

8𝑒̅ଶ𝑝ଶ𝛿
. 

The separating thresholds for the cost effectiveness of the incentive mechanism is obtained by comparing the social gain with the total 
subsidy:  

𝛽መ௎ி
ௌீ ൌ

3𝛽ி
ଶ ൅

𝑒̅ଶ𝑝𝛿 ቂൣሾ2 െ 𝑓ூሿ𝑓ூ െ 2ሾ2 െ 𝑓௎ሿ𝑓௎൧𝑚ଵ
ଶ ൅ ൣሾ𝑓ூ െ 2ሿ𝑓ூ െ 2ሾ𝑓௎ െ 2ሿ𝑓௎൧𝑚ଶ

ଶቃ

𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ

3ሾ1 െ 𝑓௎ሿଶ
 

𝑆௎ሺ𝑥௎ଵ, 𝑥௎ଶሻ െ 𝑆ிሺ𝑥ிଵ, 𝑥ிଶሻ ൐  𝑥௎ଵ ൅ 𝑥௎ଶ  if  ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ி
ௌீ . 

To show that the social gain is enough to cover the total subsidy, we need to show ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ி
ௌீ  for all valid values of ሾ𝛽௎ሿଶ within the 

diagonally shaded area of Figure 4. The necessary and sufficient condition for ሾ𝛽௎ሿଶ ൐ 𝛽መ௎ி
ௌீ is to show that 𝛽መ௎ி

ௌீ ൏ 𝛽መ௎ி
ௌௐ: 

𝛽መ௎ி
ௌீ െ 𝛽መ௎ி

ௌௐ ൌ
𝑒̅ଶሾ2 െ 𝑓ூሿ𝑓ூሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
൐ 0. 

The above result indicates that the social gain cannot justify the total subsidy for all values of ሾ𝛽௎ሿଶ. To see if the social gain is enough to 
justify a portion of the diagonally shaded area in Figure 4, we then compare 𝛽መ௎ி

ௌீ  with 𝛽መ௎ி
ா௤௠: 

𝛽መ௎ி
ா௤௠ െ 𝛽መ௎ி

ௌீ ൌ െ
𝑒̅ଶൣሾ2 െ 𝑓ூሿ𝑓ூ െ 2ሾ2െ𝑓௎ሿ𝑓௎൧ሾ𝑚ଵ

ଶ െ 𝑚ଶ
ଶሿ𝑝𝛿

3ሾ1 െ 𝑓௎ሿଶ𝑚ଵ
ଶ𝑚ଶ

ଶ𝜅ଶ
 

𝛽መ௎
ா௤௠ െ 𝛽መ௎

ௌீ ൒ 0 if ሾ2 െ 𝑓ூሿ𝑓ூ െ 2ሾ2െ𝑓௎ሿ𝑓௎ ൑ 0, otherwise  𝛽መ௎
ா௤௠ െ 𝛽መ௎

ௌீ ൏ 0. 

If  
௙಺ሾଶି௙಺ሿ

௙ೆ ሾଶି௙ೆ ሿ
൒ 2, then the social gain is sufficient to cover the total subsidy when 𝛽መ௎ி

ா௤௠ ൏ ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ி
ௌீ. 

If  
௙಺ሾଶି௙಺ሿ

௙ೆ ሾଶି௙ೆ ሿ
൏ 2, then the social gain is sufficient to cover the total subsidy when 𝛽መ௎ி

ௌீ ൏ ሾ𝛽௎ሿଶ ൏ 𝛽መ௎ி
ா௤௠. 

The social gain is not sufficient to cover the total subsidy for all other cases. 

When we combine the results of Cases 1-3 together, we obtain Lemma 6 and Propositions 5. 
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Proof of Proposition 6 

First, focusing on the interior solutions, we obtain the new threshold values under the impact of initial interoperability 𝐼଴: 

   𝛽መ௎ଵି௡௘௪ ൌ
ሾଵି௙಺ሿమ

ሾଵି௙ೆ ሿమ
െ

ସ௘̅మ௣ఋሾ௙಺ି௙ೆ ሿሾ௠భሾଶି௙಺ି௙ೆ ሿሾଵି఑ሿାଶூబ௠మ఑ሿ

ଷ௠భ௠మ
మሾଵି௙ೆ ሿమሾଵି఑ሿ఑మ

, 

   𝛽መிଵି௡௘௪ ൌ ሾ1 െ 𝑓ூሿଶ െ
ସ௘̅మ௣ఋ௙಺ሾ௠భሾଶି௙಺ሿሾଵି఑ሿାଶூబ௠మ఑ሿ

ଷ௠భ௠మ
మሾଵି఑ሿ఑మ

, 

   𝛽መ௎ிଵି௡௘௪ ൌ
ଵ

ሾଵି௙ೆ ሿమ
𝛽መிଵି௡௘௪ ൅

ସ௘̅మ௣ఋ௙ೆ ሾ௠భሾଶି௙ೆ ሿሾଵି఑ሿାଶூబ௠మ఑ሿ

ଷ௠భ௠మ
మሾଵି௙ೆ ሿమሾଵି఑ሿ఑మ

, 

   𝛽መ௎ଶି௡௘௪ ൌ
ሾଵି௙಺ሿమ

ሾଵି௙ೆ ሿమ
െ

ସ௘̅మ௣ఋሾ௙಺ି௙ೆ ሿሾ௠మሾଶି௙಺ି௙ೆ ሿሾଵି఑ሿାଶூబ௠భ఑ሿ

ଷ௠భ
మ௠మሾଵି௙ೆ ሿమሾଵି఑ሿ఑మ

, 

   𝛽መிଶି௡௘௪ ൌ ሾ1 െ 𝑓ூሿଶ െ
ସ௘̅మ௣ఋ௙಺ሾ௠మሾଶି௙಺ሿሾଵି఑ሿାଶூబ௠భ఑ሿ

ଷ௠భ
మ௠మሾଵି఑ሿ఑మ

, 

   𝛽መ௎ிଶି௡௘௪ ൌ
ଵ

ሾଵି௙ೆ ሿమ
𝛽መிଶି௡௘௪ ൅

ସ௘̅మ௣ఋ௙ೆ ሾ௠మሾଶି௙ೆ ሿሾଵି఑ሿାଶூబ௠భ఑ሿ

ଷ௠భ
మ௠మሾଵି௙ೆ ሿమሾଵି఑ሿ఑మ

. 

When we compare the new threshold values with the old threshold values (as given in the proof of Proposition 1) we obtain:  

𝛽መ௎ଵି௡௘௪ ൏ 𝛽መ௎ଵ,  𝛽መிଵି௡௘௪ ൏ 𝛽መிଵ, and 𝛽መ௎ிଵି௡௘௪ ൐ 𝛽መ௎ிଵ; 

𝛽መ௎ଶି௡௘௪ ൏ 𝛽መ௎ଶ,  𝛽መிଶି௡௘௪ ൏ 𝛽መிଶ, and 𝛽መ௎ிଶି௡௘௪ ൐ 𝛽መ௎ிଶ. 

This indicate the horizontal line moves down; the vertical line moves left, and the diagonal line moves up towards the upper left corner. 

When we compare the new threshold values between District 1 and District 2 we obtain: 

𝛽መ௎ଵି௡௘௪ ൏ 𝛽መ௎ଶି௡௘௪, 𝛽መிଵି௡௘௪ ൏ 𝛽መிଶି௡௘௪ and 𝛽መ௎ிଵି௡௘௪ ൐ 𝛽መ௎ிଶି௡௘௪.   

Recall that when the initial interoperability is not considered, we also have: 

𝛽መ௎ଵ ൏ 𝛽መ௎ଶ, 𝛽መிଵ ൏ 𝛽መிଶ and 𝛽መ௎ிଵ ൐ 𝛽መ௎ிଶ.   

This indicates that the relative positions between the two districts’ preferences remain the same with or without the influence of initial 
interoperability. This proves all the results reported in Proposition 6. 

Next, we focus on the case of boundary solution (i.e., the initial interoperability is large), we then solve for  the optimal 𝑒௜௝ and 𝑔௜௝ under the 

new constraint 𝐼଴ ൅ 𝛽௜ ቂ
௘೔భା௘೔మ

௘̅
ቃ ൌ 1. Here we use the maximization problem for unified approach as a demonstration, the results for the other 

two interoperability approaches can be derived in a similar way.   

Under the unified approach, the individual district’s decision problem is 

max 𝑆௎௝ ൫𝑔௎௝ , 𝑒௎௝൯ ൌ 𝑚௝ ൥ሾ1 െ 𝜅ሿሾ1 െ 𝑓௎ሿ𝑔௎௝ ൅ 𝜅 ቈ𝐼଴ ൅ 𝛽௎ ൤
𝑒௎௝ ൅ 𝑒௎\௝

𝑒̅
൨቉ 𝑔௎\௝൩ െ 𝑝𝑔௎௝

ଶ െ 𝛿𝑒௎௝
ଶ  

Subject to 0 ൑ 𝑒௎௝ ൑ 𝑒, 0 ൑ 𝑔௎௝ ൑ 𝑔, 0 ൑ 𝐼଴ ൅ 𝛽௎ ቂ
௘ೇା௘ೆ\ೕ

௘̅
ቃ ൌ 1, where 𝑗 ∈ ሼ1, 2ሽ. 

Solve for the above maximization problem under the new binding constraint, we obtain:  

𝑔௎ଵ ൌ
௠భሺଵି௙ೆ ሻሺଵି఑ሻ

ଶ௣
, 𝑔௎ଶ ൌ

௠మሺଵି௙ೆ ሻሺଵି఑ሻ

ଶ௣
, 𝑒௎ଵ ൌ 𝑒௎ଶ ൌ

௘ሺଵିூబሻ

ଶఉೆ
. 

Here we can see that if the initial interoperability is very high (e.g., 𝐼଴ ൌ 1ሻ, then the optimal effort level should be zero for both districts. 

The boundary solution surplus for each district is 
   



Guo et al./Provisioning Interoperable Disaster Management Systems 

 

 

 

38    MIS Quarterly Vol. 45 No. 1/March 2021 

𝑆௎ଵି஻ ൌ
1
4
ቈ
𝑚ଵሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿሾ𝑚ଵሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ ൅ 2𝑚ଶ𝜅ሿ

𝑝
െ
𝑒̅ଶ𝛿ሾ1 െ 𝐼଴ሿଶ

𝛽௎
ଶ ቉, 

𝑆௎ଶି஻ ൌ
1
4
ቈ
𝑚ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿሾ𝑚ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ ൅ 2𝑚ଵ𝜅ሿ

𝑝
െ
𝑒̅ଶ𝛿ሾ1 െ 𝐼଴ሿଶ

𝛽௎
ଶ ቉. 

Here we use subscript B to denote Boundary solution. 

The interior solution surplus for each district is 

𝑆௎ଵ ൌ
𝑚ଵሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿቂ3𝑚ଵ𝑚ଶ

ଶ𝛽௎
ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ𝜅ଶ ൅ 4𝑒̅ଶ𝑝𝛿ሾ𝑚ଵሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ ൅ 2𝐼଴𝑚ଶ𝜅ሿቃ

16𝑒̅ଶ𝑝𝛿
, 

𝑆௎ଶ ൌ
𝑚ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿቂ3𝑚ଵ

ଶ𝑚ଶ𝛽௎
ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ𝜅ଶ ൅ 4𝑒̅ଶ𝑝𝛿ሾ𝑚ଶሾ1 െ 𝑓௎ሿሾ1 െ 𝜅ሿ ൅ 2𝐼଴𝑚ଵ𝜅ሿቃ

16𝑒̅ଶ𝑝𝛿
. 

Comparing the boundary solution’s surpluses with interior solution’s surpluses for each district, we derive the conditions for boundary 
solution. We find that the boundary solution’s condition is the same for both districts (i.e., both districts prefer the boundary solution or both 
districts prefer the interior solution simultaneously), in other words, the case whereby one district prefers the boundary solution and the other 

district prefers the interior solution does not exist. Specifically, when 𝐼଴ ൑ 1 െ
ଷ௠భ௠మఉ೔

మ఑ሺଵି఑ሻሺଵି௙೔ሻ

ଶ௘௣ఋ
, then the interior solution provides higher 

surplus to both districts and hence is the equilibrium, otherwise, the boundary solution is the equilibrium. 


